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Grude but Effective Stratification
hy Conor McBride

id: (A:Uy)) - A— A
id"™: (A:U.) - A—A

id"'(U,) works!
This design is also the most general****
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Universes in Gool Type Theory

A:U <=> Aisatype
IfA:UandB:U,thenAxB:U A+B:U,...
UO: U1 . UZ Y UI: Uj WhéhéVéI‘i(j

£ AUsthenATU;; IfA:U;then A: U; wheneveri<=j
Levels can he any partially-ordered set




GCool Universe Levels

Natural numhers

Integers Rational numbers

00 -2<¢-1<0<T<2< DRI REER S R

id(U ;) already worked “(A:U,)— (B:U,) —...whenevera<b”

without polymorphism is equivalentto“(A:U,) — (B:U,) —...”
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L-type theory

lpreserving <

L -type theory



posets with
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universe Polymorphism

Levels with variables

posets with
<-preserving maps




universe Polymorphism

Levels with variables

Theorem: You can embed any monad
on StrictOrder into McBride's scheme**
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d:(AU) A A nsalonad
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(a,n)



The McBride Monad

M(A) A (oo ? N
return(a) = (a, 0)
join((a,n,),n;) = (a, n; +ny)

every level can be represented by (a,n)



The Generalized McBride Monad

Works for any monoid (D, @, ») with a partial order <
suchthatx<yimplieszex<z-y




universality Theorem

You can embed* any monad on StrictOrder
into the (generalized) McBride monad
by choosing good (D, <, ©, *)
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