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Abstract

We contribute to the theory of (homotopy) colimits inside homotopy type theory. The heart
of our work characterizes the connection between colimits in coslices of a universe, called coslice
colimits, and colimits in the universe (i.e., ordinary colimits). To derive this characterization, we
find an explicit construction of colimits in coslices that is tailored to reveal the connection. We use
the construction to derive properties of colimits. Notably, we prove that the forgetful functor from
a coslice creates colimits over trees. We also use the construction to examine how colimits interact
with orthogonal factorization systems and with cohomology theories. As a consequence of their
interaction with orthogonal factorization systems, all pointed colimits (special kinds of coslice
colimits) preserve n-connectedness, which implies that higher groups are closed under colimits
on directed graphs. We have formalized our main construction of the coslice colimit functor in

Agda. The code for this paper is available at https://github.com/PHart3/colimits-agda.


https://github.com/PHart3/colimits-agda
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1 Introduction

Working in homotopy type theory (HoTT), we study higher inductive types (HITs) arising as
(homotopy) colimits in coslices of a universe, called coslice colimits. Coslices of a universe are

type-theoretic versions of coslice categories. Our study of coslice colimits is organized as follows.

The main connection (Section 5.4)

Suppose U is a universe and A is a type in . We want to construct all colimits in A/U, or A-colimits.
The (wild) category A/U has objects > pq A = T with X =4 Y =37 )5 (v) ko Pra(X) ~
pro(Y’) as morphisms from X to Y. HoTT has a general schema for HITs that would let us simply
postulate A-colimits. We, however, explicitly construct A-colimits with just the machinery of Martin-
Lof type theory (MLTT) augmented with pushouts. We take this different approach to reveal the
connection between A-colimits and their underlying colimits in ¢. Therefore, we call the construction
of Section 5.4 the main connection. In fact, our construction is not a case of a general method to

encode higher-dimensional HITs with pushouts but rather tailored to reveal this connection.

This connection sheds light on other areas of synthetic homotopy theory, which we discuss now.

The universality of colimits (Section 6)

The universality of colimits is the defining feature of locally cartesian closed (LCC) oco-categories, such
as that of spaces. The main connection will establish a well-known classical result inside type theory:
The forgetful functor A/U — U creates colimits of diagrams over contractible graphs (Corollary 5.4.6).
We review such graphs, known as trees, in Section 4. With the forgetful functor creating colimits, we
can transfer universality of ordinary colimits to A-colimits in many cases (Corollary 6.0.3). This is

notable as LCC oo-categories are not closed under coslices.

The categories of higher groups are cocomplete (Section 7)

A striking feature of colimits is their interaction with (orthogonal) factorization systems. In Section 7,
we use the main connection to show that colimits in A/U preserve left classes of maps of such
systems on U. It is significant that we consider systems on U rather than A/U. We could derive a
similar preservation theorem for systems on A/U directly from the universal property of an A-colimit.
In practice, however, the factorization systems we tend to care about are on /. Since the main
connection relates the action of A-colimits on maps to the action of their underlying colimits on

maps, we manage to deduce the preservation theorem for systems on U.

To prove this theorem, we find it useful to develop the theory of factorization systems in a more
general setting than . In Section 3.3, we study such systems on wild categories, which make up one
approach to category theory in HoTT. We prove that if a functor F of well-behaved wild categories

with factorization systems has a right adjoint GG, then F' preserves the left class when G preserves



the right class (Corollary 3.3.9). We combine this result with the main connection to deduce the

desired preservation property.

When we focus on the (n-connected, n-truncated) system on U [14, Chapter 7.6] and take A as
the unit type, the main connection shows that the colimit of every diagram of pointed n-connected
types is n-connected. One useful corollary of this is that the higher category (n, k) GType of k-tuply
groupal n-groupoids considered by [5] is cocomplete on (directed) graphs for all truncation levels
—2<n<ooand —1 <k < oo (Section 7.1). We also exploit the generality of the main connection

to extend this cocompleteness result to categories of higher pointed abelian groups (Corollary 7.1.3).

Cohomology sends colimits to weak limits (Section 8)

Finally, we examine how colimits interact with cohomology theories, which are important algebraic
invariants of spaces. To do so, we consider weak limits, which are key ingredients in the Brown
representability theorem. A weak colimit in a category need not satify the uniqueness property
required of a colimit. The Brown representability theorem specifies conditions for a presheaf on the
homotopy category Ho(Top, .) of pointed connected spaces to be representable. The known proof
of this theorem requires the presheaf to send countable homotopy colimits in Top, . to weak limits

in Set. Eilenberg-Steenrod cohomology theories enjoy this property as set-valued functors.

In Section 5.5, we use the main connection to establish a restricted, type-theoretic version of this
property. From the main connection we derive another construction of A-colimits, as pushouts of
coproducts (Corollary 5.5.3), which mirrors a well-known classical lemma. We take A as the unit
type and combine the new construction with the Mayer-Vietoris sequence to find that cohomology

takes finite colimits to weak limits assuming the axiom of choice.
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2 Type system

We assume the reader is familiar with MLTT and HITs in the style of [14]. We will work in MLTT
augmented with ordinary colimits and denote this system by MLTT 4 Colim. In particular, the
entirety of Section 5.4 takes place inside MLTT 4 Colim. In fact, we need only augment MLTT with
pushouts as they let us construct all nonrecursive 1-HITs, including ordinary colimits, with all of

their computational properties. Notably, MLTT + Colim comes with strong function extensionality



for free. This property is critical for reasoning about functions in type theory and underlies almost

all our work.

Remarks on notation

e The symbol = denotes the identity type. The symbol = denotes definitional equality. The

symbol := denotes term definition.
e Either underbrace or overbrace may be used to indicate =, :=, or =.
o We may use the Agda notation (z : X) — Y (z) for the type [[,.y Y ().

e For convenience, we’ll use the notation

Pl(p1,...,pn) : a=b

to denote an equality obtained by simultaneous or iterative path induction on paths p1, ..., pn.

We only use this shorthand when the equality is constructed in an evident way.

3 Categorical notions

3.1 Wild categories and functors

Definition 3.1.1. Let U be a universe. A wild category (in U ) is a tuple consisting of

Ob : U
hom : Ob—-Ob—>U

o: [ hom(Y,Z)— hom(X,Y) — hom(X,Z)
X,Y,Z:0b

id : H hom(X, X)
X:0b

Rd - ] [ foidx=r

X,Y:0b f:hom(X,Y)

td = JJ [ idver=r¢

X,Y:0b f:hom(X,Y)

assoc H H H H (hog)of=ho(gof)

W,X,Y,Z:0b h:hom(Y,Z) g:hom(X,Y) f:hom(W,X)
Definition 3.1.2. A bicategory is a wild category C equipped with

e an identity
ap_of(assoc(k, 9, h)) : assoc(k;, go ha f) caAPgo— (assoc(g, ha k))
Hp(f-,k,gyh)

assoc(k o g, h, f) - assoc(k,g,h o f)



for all composable morphism &, g, h, and f.

e an identity
assoc(g,id, h) - ap,,_(Lid(h))

v(g,h)

ap_,(Rid(g))

for all composable morphisms g and h.

Lemma 3.1.3. Let C be a bicategory. For every A, B,C : Ob(C), f : hom¢(A, B), g : home(B, (),

we have that
Lid(g o f)~" - assoc(id, g, )" - ap_o(Lid(g)) = reflyoy.

Proof. Since the function (¢ = d) SLLEN (id oc = id od) has a retraction for all parallel morphisms ¢

and d, it suffices to prove that

APido— (le(g © f))71 * APid o— (assoc(id, g, f))71 * APido— (ap—of(l-ld(g))) = reﬂid o(gof)-
Note that the left two subdiagrams of

ap P_oy (assoc(id,id,g) (assoc(id,id,g)) assoc(id,id og, f) ap;q . (assoc(id,g, f))
((idoid) (ido( Idog of = ido((idog)o f) = ido(ido(go f))

|
of(apndo (Lld(9))) apyg o (ap_o ¢ (Lld(g)))
ap_os(ap_o4 (RId(id))) | apyg o (Lld(gof))

Idog ido(gof)

assoc(id,g, f)

commute, and we want to prove that the right one commutes. Hence it suffices to prove that this

diagram’s outer perimeter commutes. This follows from the commuting diagram

ap_ af(y

IdOId assoc(ldOldgf) IdOId H ( f) m ido(ido(gof))

ap_oy(aP_o4 (RId(id))) ap_o(40s) (RId(id))

assoc(id,id og, f)

(ido(idog)) o f ido ((idog) o f)

ap,y o _ (assoc(id,g, f))

o (Lid(go
ido(go f) apig o (LId(gof))

(idog) o f

assoc(id,g, f)

Definition 3.1.4. Let C be a wild category.

o A morphism f : hom¢(A, B) of C is an equivalence if it is biinvertible:

is_equiv(f) = Z gof=idaxfoh=idp

g,h:hom¢ (B, A)



We write A ~¢ B for the type of equivalences from A to B.
e We say that C is univalent if the function

idtoequiv : (A =0b(C) B) — (A~¢ B)
refla — (ida,ida,ida, LId(id4),LId(ida))

is an equivalence.

Example 3.1.5. The category U of types and functions is a bicategory and (assuming the univalence

axiom) is univalent.
Definition 3.1.6. A functor F': C — D between wild categories is a tuple consisting of

Fy : Ob(C) — Ob(D)

Fr: ][ home(X,Y) — homp(Fo(X), Fo(Y))
X,Y:0b(C)

s o H H H Fi(go f) = Fi(g) o F1(f)

X,Y,Z:0b(C) g:hom¢ (Y, Z) f:home(X,Y)

F3 : H Fl(idx) :idFO(X)
X:0b(C)

We may refer to Fy or F} by F. Also, if the data F, and F3 are omitted, then we call F' a 0-functor.
Let L:C — D and R : D — C be 0-functors of wild categories.

Definition 3.1.7. An adjunction L - R consists of terms

o H H homp(LA, X) ~ hom¢ (A, RX)
A:0b(C) X:0b(D)

Wi H H H H Rgoa(h) =a(goh)

A:0b(C) X,Y:0b(D) g:homp (X,Y) h:homp (LA, X)

Vo ot H H H H a(h)o f=a(ho Lf).

Y:0b(D) A,B:0b(C) f:home (A,B) h:homp (LB,Y)

Note that for each such triple, we also have naturality squares

home (A, RX) —°= home (A, RY)

a*{ Vi(g) Ja*

homp (LA, X) — homp(LA,Y)

home (B, RY) — L home(A, RY)

a*l Va(f) Lfl

homp(LB,Y) 7 homp(LA,Y)



Here, the homotopies witnessing these square commute are defined by

Vi(g,h)

goa~t(h) a ' (Rgoh)
m(_qwl(h))*lﬂ ﬂapfl(apRgo,(ea(h)))
a Ha(goat(h))) a ' (Rgoala=t(h)))

ap,—1 (Vi(g,a= 1 (h))) "

oo s = a o )

na(a_l(h)oLf)_lﬂ ﬂapaq(ap_o_f(ea(h)))
a Ma(a™(h)o Lf)) — o ((a(a™t(h))) o f)

ap,—1 (Va(f,a~1(h)))
where 7, and €, come from the half-adjoint equivalence data of a.

Note 3.1.8. For all f: hom¢(A, B) and v : hom¢(LB,Y), we have a chain exch(f,v) of paths:

Va(f. alv))

definitional

Moo (@(v)) o Lf)™! - apy-1 (Va(f, a7 H(a(v)))) ™ - apy-1(ap o (€a(e(v))))

via homotopy naturality of Va(f, —)

Mo (o™ (a(v)) o Lf)™h - apy-1(ap_op(@pa(a(v))) - Va(f,v) - apa(ap_opp(ma(v))) ™) 7" - apa-1(ap_oy(€ala(v))))

oo™ (a(v)) 0 Lf) ™" aPy-100(aPor s (Ma(v))) - apa-1 (Va(f,0)) 7" - apy-1(aP_o (aPa (110 (1)) ™" - @py-1 (ap_o s (€ala(v))))

via homotopy naturality of na

ap_op(1a(v) Ma(vo L)~ - apa-1(Va(fiv) ™" - aps-1(aP_o (aPa (Ma(v))) 7" - apa-1(ap_o s (€ala(v))))

via half-adjoint equivalence condition

ap_o1(Ma(v)) - Ma(v o L)~ - apg-1 (Va(f,v)) 7!

3.2 Reflective subcategories
Definition 3.2.1. Let C be a wild category. A reflective subcategory of C is a predicate P : Ob(C) —

Prop together with functions

O : 0b(C)—»0b(C) 7 : [[ home(X,OX)
X:0b(C)

such that
o for each X : Ob(C), P(OX)

o for each X,Y : Ob(C) with P(Y), the function (—onx) : home(OX,Y) — hom¢(X,Y)

is an equivalence. The inverse of this map is denoted by recr, which has a homotopy



P : HX,Y:Ob(C) Hi:P(Y) Hf:homc(X,Y) reco(f) onx = f.!
We define Cp =}~ v.op(c) P(X)
Suppose that C is a wild category. Let (P, (0, n) be a reflective subcategory of C.

Proposition 3.2.2. For each X : Ob(C), the following square commutes in C:

f

X —Y
HXJ/ J{ny
OX reco (1 o f) oY

Lemma 3.2.3. Suppose that C is univalent. For each X : Ob(C), P(X) — is_equiv(nx).

Proof. Let X : Ob(C). The type Tp x of tuples

Y : Ob(C)

q : P(Y)

f : home(X,Y)

I: H P(Z) — is_equiv(A(g : hom¢(Y, Z)).go f)
Z:0b(C)

is a mere proposition. Suppose that P(X). We have terms

(X,...de,...) (OX,...J’))(,...)

of type Tp,x, which must be equal. Therefore, we have a commuting triangle

X
y Y‘
X - - > OX
in C. This implies that nx is an equivalence. O

Combined with Proposition 3.2.2, Lemma 3.2.3 implies that when C is univalent, 7 restricted to Cp
is a natural isomorphsm ide,, — (O o Z of functors where Z denotes the inclusion of the subuniverse
Cp into C. This observation motivates the following definition (see Definition B.0.1 for the notion of

2-coherent left adjoint).

Definition 3.2.4. Let C and D be wild categories. We say that D is reflective in C if we have a

2-coherent left adjoint L : C — D whose counit is a natural isomorphism of 0-functors.

'When C = U, a reflective subcategory is known as a reflective subuniverse.



3.3 Orthogonal factorization systems

Definition 3.3.1. Let C be a wild category. An orthogonal factorization system (OFS) on C consists
of predicates £L,R : [[, 5. chom¢(A, B) — Prop such that

1. both £ and R are closed under composition and have all identities;

2. for every h : hom¢(A, B), the following type is contractible:

factg, r(h) = Z Z Z (gof)=hxL(f)xR(g)

D:0Ob(C) f:hom¢(A,D) g:home(D,B)

Example 3.3.2. Rijke et al. use a particular indexed recursive 1-HIT to show that every family
[1..4 F(a) = G(a) of functions induces an OFS on U [11, Section 2.4].

Definition 3.3.3 (Lifting property). Let C be a wild category. Let [ : hom¢ (A4, B) and H be
a property of morphisms in C. We say that [ has the left lifting property against H if for every

r : home(C, D) with r € H and every commuting square

S
Q

PR,
PR
3

Sy
!

I
S
g

the type of diagonal fillers

fill(S) = Z Z Z assoc(r,d, 1) - ap,,_(Hy) = ap_o(Hg) - S

d:hom¢ (B,C) Hy:dol=f H,:rod=g
is contractible. In this case, we write ~7(l). The predicate right lifting property is defined similarly.

Let C be a univalent bicategory and (£,R) be an OFS on C.

Lemma 3.3.4. Let h: hom¢(N, M) and (U, sy, tu,pu), (V,sv,tv,pv) : facte g(h). We have that

(UvsU»tU7pU) = (‘/7 5V7tV7pV)
1

Ze:U:cV Z Z aptvo—(Hﬁ) : aSSOC(tv, €, SU)_1 . ap—osu (H'R)_l *PUu = pPv

Hp:sy=eosy Hr:ty=tyoe

A(V,sv,tv,pv,e)

Proof. For each U : Ob(C), the type family V — U ~¢ V is an identity system on (Ob(C), U) because

10



C is univalent. Moreover,

Zsy:hom(N,U) Ztvzhom(U.JW) ZpV:tVOSV:h ZHL:SV:idU osy

ap,, o (He)-assoc(tv,idu,su) ™ -ap_o,, (HR) ' -pu=pv
12

stzhom(N,U) ZHL:SVZMU osy Ztv:hom(U,M) ZH-R:tU:tVoidU

aPtVo_(Hﬁ)'aSSOC(tV7idU7SU)71‘aP_

Hp ity =ty oidyy

(Hr) " -pu=pv

py ity osy =h osy

R

Ztvzhom(U,IM) ZHR:tU:tvoidU Epvztvo(idu osy)=h assoc(ty, idy, sy) " - AP_osy (Hr)™' pu =pv
R

Ztvzhom(U,I\/I) ZHR:tU:tV va:tvo(idu osy)=h assoc(tv, idy, SU)_1 *AP_ogy (HR ) Rld(tv)_l)_l "Pu = Dpv
R
Z]Dv:tUo(idU osy)=h assoc(ty, idu, SU)_I " AP —osy (Rld(tU)_l)_l "bu =Dpv

R
1

Therefore, by Theorem A.0.3, we have our desired equivalence. O

Lemma 3.3.5 (Unique lifting property). For each commuting square

A%X
| s L
BT>Y

such that | € L and r € R, the type fill(S) of diagonal fillers is contractible.

Proof. We have a commuting diagram
f

pf
A —ss>im(f) —tr> X

| I
B —ss» im(g) —ts > Y
bg

g
Since factz g (r o f) is contractible, so is its identity type
(im(f),sy,r oty assoc(r,ty, sf)ap.,_(py)) = (im(g),sy 0l ty,assoc(ty,sg, 1)~ -ap_q(pg) - 5)

By Lemma 3.3.4, the following type is also contractible:

Ze:im(f):cim(g) ZHL:SyOlz(iOSf

—1 —1 -1
3 i irot —tger Pige- (He)assoclty.e.sp) 1 ap o,  (Hre) ™ assoc(rits.sg) apyo (ps)=asoc(ty,sg.0) " ap o1 (py)-S

By the bicategory structure of C, we have the chain of equivalences shown on the next page.

11



¢l

Ze:im(f)’:cixn(g) ZHE.SQOI,:CDSf

-1
iy irot jmtygae Piga— (He)3ss0c(tye,7) ™ ap_

OSf(HR)A'QSSOC(Tvtfﬁf)‘ame(Pf)zassoc(f/g«,sg,lrl'apfoz(Pg)'S

1
Zl:ob(c) Zal:homC(AAI) Eagzhcmcmx)
ppiagoa;=f Zbl:homc(B,I) Zb2:homc(1,Y)
pgibaobi=g ZHL:blol:id oay ZHR;roa2:b2oid
a1.br€L ZGZJ)QE‘R Py, o (Hr)-assoc(ba,id,a1) ™ ap_,, (Hr) ™' assoc(r,az,a1)-ap,.q_ (ps)=assoc(bz,b1,1) " -ap_o; (pg)-S
ks
ZI:Ob(C) Zul:homc(A,l) ZQQ:homc(l,X) pr:<120a1:f
Zbl thome (B, 1) ZbZ:homc(Ly) Zpg:bQOb]:g ZHC-bloL:al
Hpiroan=by Lday,bi€L Ldan bR Py, o (H)-apyyo— (Lid(ar)) ™t assoc(bz,id,a1) " -ap_qq, (Rid(b2))-ap_o,, (HR) ™' -assoc(r,az,a1)-ap,o_ (ps)=assoc(bz,az,l) " -ap_o; (pg)-S
12
ZI:OI:(C) Zagzhomc(z;x) Epf.a20(b1 ol)=f Zb1 ihome (B, T)
pgi(roag)ob=g Zblgﬁ Zazgn an207<|—id(b1°l>)71 -assoc(by,id,a1) AP _oqy (Rid(roaz))-assoc(r,az,a1)-ap,.,_ (ps)=assoc(ba,by,l) " -ap_,;(pg)-S

1

Z]:Ob(c) Zn,z:homc(l,x) Zbl:homc(B.I) pr:(a,2obl)oz=f

pgiro(agobi)=g Zbl ec

ageR AP (roay)o— (Lid(by ol)) ™! -assoc(roas,id,by ol)’lzapio(blol) (Rid(roas))-assoc(r,az,biol)-ap,.,_ (assoc(az,b1,l)) " -ap,,_ (py)=assoc(roaz,bi,l) " -ap_, (assoc(r,az,b1))-ap_o; (pg)-S

1
ZI:Ob(C) Zaz:homc(l,x) Zbl:homc(B,I) pr;(a2obl)oz:f

pgiro(agoby)=g Zbl ec

", e 3P o1(3s50c(raz,b1)) " assoc(roaz b1 1)-AP roay)o— (Lid (b1 0 1) T - assoc(r 0 az, id, by 0 1) TH - ap_o(y, o1 (Rid (1 © a2)) - assoc(r,az brol)-ap,.,  (assoc(az.bs,1) " -apro (pr)=ap_oi(ps)-S

refl(roan)o(byol)

1
Zd:homc(B,X) Z Z Z Z Z Z ij:(agobl)ol:f Zpg:ro(azobl):g assoc(r, a2 ° b17 l) : ap'rof(pf) = ap—ol(pg) S
d

I:0b(C) az:home (I,X) bi:home (B,I) bi€L az€R Hj:azobi=

factz, = (d)

fill(S)



It follows that fill(S) is contractible. O
Corollary 3.3.6. We have that £L="R and L+ =R

Proof. We just prove that £ = +R as the other case is dual. Let f : hom¢(A, B). By Lemma 3.3.5,
we know that £(f) — *R(f). To prove the reverse implication, suppose that R (f). Factor f as

(im(f),sf,tf,pr) and consider the commuting square

A4>1m(f

£l L)yt j
B

B4>

Since *R(f), the type fill(Lid(f) ~p;1) is contractible, with center, say, (d Hgf,H,d,K). The square
A—Y im(f)

Sf reﬂtfoe.f ty

im(f) — B
is contractible and has two diagonal fillers:
(id, Lid(s ), Rid(ty), .. .) (do ty,assoc(d,ty,sy) - apgo_(ps) - Hs,, assoc(ty,d, ty) " - ap_ ot; (Hia) - Lid(tg), w )
where w denotes the chain of equalities

assoc(ty,doty,sy) - ap,o_(assoc(d,ty, sy) - apgo(pf) - Hs,)

assoc(ty,doty,sy) - apy o (assoc(d, tf, s5)) - APy oo (Pf) - 3Py o (Hsy)

Hm’aK
assoc(ty,doty,sf)-apy,._(assoc(d,ty,sr)) - APy, o(do—) (Pf) - assoc(ty,d, f)~' - ap_,;(Hiq) - Lid(f) ~p;1

H'Uia the bicategory structure of C

3D, (assoc(ts.d,tg)) - assoc(tsod,ty s )-as50c(t ..t 05 1)-3p, oo (ps)-ass0c(ty d.f) "
apfof(Hid)-Lid(f)gnffl-Lid(tfosf)_l~assoc(id,tf,sf)_1-apfosf (Lid(ts))

Hvia homotopy naturality of assoc(ts, d, —)
aP_OSf(aSSOC(tf,dytf))fl‘ aSSOC(tfOd7tf78f)‘ap(tfod)07(pf)'
ap—of(HTd)'apido—(pf)71'assoc(idvtfvsf)71'ap—osf(Lid(tf))
H'Uia homotopy naturality of pys
ap—OSf (aSSOC(tf, d7 tf))_l : aSSOC(tf o d7 tf7 Sf) : ap—o(thSf)(Hid) ' assoc(id, tfa Sf)_l ' ap—OSf (le(tf))
Hvia homotopy naturality of assoc(—,ts,sf)
ap—OSf (aSSOC(tf, d, tf))il : ap(—otf)OSf (Hid) : ap—OSf (le(tf))

ap—osjc(assoc(tf7d7tf)_1 sap_ otf( ) le(tf))
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It follows that d is an equivalence with inverse ¢y. Thus, d € L. O

Lemma 3.3.7. Let (L, R) be an OFS on the category U of types. Consider a pushout square

If f belongs to L, then so does inr.

Proof. We must prove that for each lifting problem

B—

e

with v € R, the type fill(S) is contractible. Note that the type of fillers
O = fill(Az. apy(glue(z)) - S(g(x)))

for the composite diagram
! +B—-—F

1 L

is contractible because f € L. By the induction principle for pushouts, we find that fill(.S) is equivalent
to the type of data

k:A—-E
K, : kof~tog
Ky : vok~boinl
K llapv(Kl(f)) = Ks(f(z)) - apy(glue(z)) - S(g(z))

This type is exactly ®, and thus fill(S) is contractible. O

Let L:C — D and R : D — C be 0-functors of wild categories. Suppose that (a, Vi,V3) : L 4 R. Let
f :home(A, B) and g : homp(X,Y). Define

Vo : Z Z voLf=gou — Z Z sof=Rgor

u:homp (LA, X) v:homp (LB,Y) r:hom¢ (A,RX) s:hom¢ (B,RY)

Vo (u,v,G) = (a(u),a(v),Vg(fm) ~ap,(G) - Vl(g,u)_l) .

14



Lemma 3.3.8. The function ¢, is an equivalence, so that fill(G) ~ fill(Va(f,v) - ap,(G) - Va(g,u)™1)
for each G:voLf =gou.

Proof. Let (r,s,H) : Zr:homc(A,RX) Zs:homc(B,RY) so f = Rgor. We have that
fib,,, (r,s,H)
1
Zu:homD(LA,X) Zelza(u):r Zv:homD(LB,Y) Zegza(v):s ZG:voLf:gou apa(G) = ‘/Q(fv U)_l : apfof((iQ) -H - apRgof(el)_l % (97 ’LL)
This type is contractible because « is an equivalence. O

Corollary 3.3.9. Suppose that both C and D are univalent bicategories endowed with OFS’s (L1, R1)
and (Lo, R2), respectively. The 0-functor R preserves R if and only if L preserves L.

Proof. Suppose that R preserves R. Let f : hom¢(A, B) and f € £;. Consider a commuting square

LA ——+ X

Lfl S L‘J

LB —— Y

where g € Ry. By Corollary 3.3.6, if fill(.S) is contractible, then Lf € L. By Lemma 3.3.8, this type
is equivalent to the type of fillers of the square

a(u)

A RX

fJ( Vo (f,v)-ap, (G)-Vi(g,u) ™t J{Rg
B RY

a(v)

By Corollary 3.3.6 again, this is contractible because Rg € R;.

The converse is formally dual. O

3.4 Coslices of a universe

Let U be a universe and A:U. Let X, Y : A/U =3, (A — X). Consider the type

X 5,4Y = > hopry(X) ~ pry(Y)
hipry (X)—pr, (V)

of maps from X to Y. In particular, note that

X 1Y = (pry(X), pra(X) (%)) =« (pro(Y), pra(Y)(x))

the type of pointed maps from X to Y. Forallg: X =4 Y and h: Y —4 Z. define their composite
hogi= (pri(h) 0 pri(9), Aa. 3B, ) (Pra(9)(@)) - pra(k)(@)) = X 4 Z

15



This gives us a wild category A/U, called the coslice of U under A.
Example 3.4.1. The coslice 1/U is called the category of pointed types, sometimes denoted by U*.
Proposition 3.4.2. For all X, Y : AJ/U, we have an equivalence
(X=Y) ~ > ko pry(X) ~ pry(Y)
kepry (X)—>pry (V)

Definition 3.4.3. Let f,g: X —4 Y. An A-homotopy f ~4 g between f and g is a homotopy
H :pry(f) ~ pry(g) along with a path H(pry(X)(a))™" - pra(f)(a) = pry(g)(a) for all a : A.

Lemma 3.4.4. The canonical function happly 4 : (f = g) — (f ~a g) is an equivalence For all f,g.
Proof. By Theorem A.0.3. O

Notation. Define (H,p) = happlyzl(H7 D).

Inherited reflective subcategories

Let (P, (O, n) be a reflective subcategory of U (see Definition 3.2.1). Then the data
Pa(X) = P(pr, (X))
Oa(X) = (O(pr1(X)), Mpr, (x) © Pra(X))
na(X) = (ﬁpruxw/\a-fef'nm(m(pr2<X><a>>)

is a reflective subcategory of A/U, denoted by (A/U)p. Indeed, for all Y with P(pr,(Y")), the maps

ap A - (OAX —A Y) — (X —A Y)

apalf.fy) = (F o, x): fo)
recpa @ (X =4Y) = (OaX —4Y)

recp a(g,9p) = (reco(g), Aa.By(g,pra(X)(a)) - gp(a))

are mutual inverses. (Recall that 3, has type [[x vy [1 .pv) [1y. x5y reco(9) © o, (x) ~ 9.)

Note 3.4.5. The function ()4 induces an action on maps in A/U. For every m : X7 — 4 Xo, define
Oalm) =recp a(na(Xz) om): Oa(X1) = OQa(Xz). We claim that ap 4 is natural in X. For all
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(h,hp) : X2 — A X1 and (f7fp) : OAXI —A Y,

OéP,A(ﬁ fp) o (h7 hp)
I

definitional

(0 ory 0y © B A0 300 o (@) - Fy(a))

I
(Aa.ap (By (ory (1) 012)) 1 A PU(By (Mg (x1) 0hpra (X2) (a)) hp (a))
Il

(f oreco (nprl(Xl) © h) © Mpr, (X2)s Aa. apf (/B('nprl(Xl) o h7 prQ(XQ)(a’)) : apnp,l(xl) (hp(a)) : reflnpq(Xl)(Prz(Xl)(CL))) : fp(a))
I

definitional

l
apa((f, fp)oQalh,hy))
Proposition 3.4.6. The left adjoint |||, : A/U — (A/U)_,, is 2-coherent (Definition B.0.1).
Corollary 3.4.7. The functor ||—||,, : A/U — (A/U),, preserves colimils.
Proof. By Theorem B.0.2. O

3.5 Diagrams in coslices
Let T be a graph. An A-diagram over T is a family F : Ty — A/U of objects in A/U along with a
map F; jq: F; =4 Fj forall 4,5 : Tg and g : I'1 (4, 7).
Example 3.5.1. For each D : Ob(A/U), the constant diagram constr(D) at D is defined by
(constr(D)), (i) == D and (constr(D)), (i,4,9) = idp. We often write just D for constr(D).
Let F be an A-diagram over I' and C' : A/U. A cocone under F' on C'is a term 7 : [[, F; —4 C with
o for each i,j: Tg and g : T'1(4, ), a homotopy h; j g : pri(r;) o pri(Fijg) ~ pro(ri)
o for each a: A, a path h; j4(pry(Fi)(a)) ™" - apyr, (1)) (Pra(Fijig) () - Pra(ri)(a) = apy (r)(a)
Let Coconer(C) denote the type of cocones under F' on C.
Lemma 3.5.2. For all («,p), (8, q) : Coconer(C), (a,p) = (8,q) is equivalent to the type of data

W H pri(ai) ~ pri(Bi)

i:Fg

u H HWi(p@(Fi)(a))*l -pro(ag)(a) = pray(Bi)(a)

2:I'g a:A
fOT all 7’7.7 : FOa g: Fl(l,])

Su(i,gig) © T Wilpri(Fijg) @)™t - pri(pigig) (@) - Wilz) = pry(gizq)(@)
@:pry (F)

Sa(i, 4, g) - HaP——Lapprluaj)<pr2(Fi,j,gxa))-prz(@j)(a)(51(%3?% pro(Fi)(a)) ™" - E(W,u, pijg, @) = pra(dig)(a)
a:A

Here, Z2(W, u, p; j ¢,a) denotes the chain of equalities shown on the next page.

17



8T

(W (pry(Fi jg) (pro(Fi) (@)t - pry(pijg) (Pra(Fi)(a)) - Wi(pry(Fi)(a))) ' “ APy, (3,) (Pra(Fij,9) (@) - pra(B5)(a)

Pl(pry(Fi,j,9)(a), W (pra(F5)(a)))

I
(305 Pral(Fr ) (@) - W (ora () (@) - 3By (Pra((Fog ) (@)1 ) - By (01 ) (ra () (@) - Walpra(E)(@))) - 3By ) (o (Fiy)a)) - ra(3,)(@)

via uj(a)

[
((apm(ﬂj)(prz(Fi,j,g)(a)) “(pra(B5)(a) - pro(a;)(a)~?) - apm(aj)(prz(Fi,j,g)(a))‘l) - pri(Pij.g) (Pra(Fy)(a)) - Wi(prg(Fi)(a)))_1 “aPyr, (8;) (Pra(Fijg) (@) - pra(Bs)(a)

PI(Prs (Fr,j.0)(a).Pra (8)(),pra (0) (@).pry (P, .0 (pra (F3) (@) Wi (pra (Fi) (a)))
Wipra(Fi) (@) ™" - pri(pijig) (Pra(F:) (@) ™" - Py, (o) (Pra(Fijg) (@) - Pra(as)(a)

ale (pro (Fy)(a))—1.— (pry (p'i,jyy)(a))

I
Wi(pra(Fi)(a)) ™" - pra(ai)(a)

u;(a)

H
pr(6:) (@)



Proof. By Theorem A.0.3. O

Note 3.5.3.

(a) For all A-diagrams F' and G over a graph T, the type of natural transformations from F to G is

F=4G = > I[I II Gugoai~aajoFiy)

(’“Hi:ro pri (F3)—apry (Gy) #3:T0 g:T'1(0,5)

For each C : A/U, we have an evident equivalence Coconep(C') ~ (F =4 constp(C)).

(b) For every graph I" and every U-valued diagram F' over T', recall the (standard) limit of F' [2,
Definition 4.2.7]:

limp(F) = z H H Fijg(oi) =F; a;

. 0,500 g:T'1 (4,5
a.Hi:FOFllJ 0 9:T1(4,5)

This is functorial in F'. The action on maps sends (k, K) : F' = G to the function limp(k, K) :
limp (F) — limp(G) defined by (a, D) = (Ni-ki(ai), NiAjAg-Ds j.g(0:) - apy, (Kizg) ).

Let F' be an A-diagram over a graph I and let C : A/U. We have an evident equivalence
Coconer(C) =~ lim;rop(F; =4 C).

4 Trees

A (directed) graph T is a pair consisting of a type I'g : Y and a family 'y : Tg — T'o — U of types.
Definition 4.0.1. Let I" be a graph.
1. The geometric realization |T'| := To/r, of T" is the HIT generated by
o |=|:To—To/y
o quot-rel : [[, 1 Ti(z,y) — [z = [yl
2. We say that I is a tree if |T'| is contractible.
In Section 5.4, we will see that A-colimits interact nicely with t¢rees.
Example 4.0.2.
e Both N and Z are trees when viewed as graphs.

e The span [ < m — r is a tree where [, m,r denote the elements of Fin(3).
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Let ' be a graph. Define the indexed inductive type of walks from i to j in T

WF : F0—>F0—>Z/[

nil = [ wr(i,i)

:I'g

cons : [ Tu(i,5) = Wr(j, k) = Wr(i, k)

4.5,k To
Definition 4.0.3. Let jo : I'g. We say that I' is a combinatorial tree if

o for every i : T'g, we have a term v(4, jo) : Wr (4, jo)

o for every i,j : T'g and ¢ : I'1(4, j), we have a term o, : v(3, jo) = cons(g, v(4, jo))
Lemma 4.0.4. For every i,j:To and z : Wr(i,7), we have a term 7(2) : |i| = |j|.
Proof. We proceed by induction on Wr.

e Define 7(nil;) = refl;.

e Let 4,5,k : Ty, g : T1(4,5), and z : Wr(j,k). Suppose that 7(z) has been defined. Define
7(cons(g, z)) = quot-rel(g) - 7(2).

Lemma 4.0.5. Every combinatorial tree is a tree.

Proof. Let T be a combinatorial tree. It suffices to prove that for every x : To/ry, = |jo|. We proceed
by induction on quotients. For each ¢ : I'g, we have the term 7(v(i, jo)) : |¢| = |jo| by Lemma 4.0.4.

Since T is a combinatorial tree, we also see that for all 4,5 : Ty and g : T'1 (4, 5),

quot-rel(g).(7(v(i, jo)))

= quot-rel(g)~" - 7(v(i jo))
)"

)"

= quot-rel(g) ™t - 7(cons(g, (4, jo)))
= quot-rel(g) ™' - quot-rel(g) - 7(j, vj, )
= T(j7 Vijo,i )
This completes the induction proof. H

Corollary 4.0.6. Every directed tree, in the sense of [12, Directed trees], is a tree.

Proof. Just notice that every directed tree is a combinatorial tree. O

Example 4.0.7. Trees are abundant in HoTT. Indeed, consider a coalgebra for a polynomial

endofunctor Py p for a signature (A, B):

X = (X, a:X%Z(B(a)%X))

a:A
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All elements of X can be made into a directed tree [12, The underlying trees of elements of coalgebras
of polynomial endofunctors]. Hence every element of the W-type for (A, B) is a tree as W(A, B) has
a canonical coalgebra structure [12, W-types as coalgebras for a polynomial endofunctor]. Also, every

element of the coinductive type M(A, B), the terminal coalgebra for P4 g, is a tree.

5 Colimits

5.1 Ordinary colimits

The colimit colimp(F') of a diagram F' in U over I' is the HIT generated by

F, P F,
v : (i:Tg) = F; — colimp(F) -
T 0 Ta00) 1y Fogg ~
colimp (F)

We have the following induction principle.

E : colimp(F) = U

e : H HE(LZ(.T))

i:FO I:Fi

q : H H H transpE(m,jﬁg(x), ej(Fi’j,g(x))) = ez(_qj)

4,5:T0 g:T'1(4,5) ©: F
I
ind(E,e,q) : H E(z), ind(E,e, q)(ti(x)) = ei(x)

z:colimp (F)

pe(Q) : H H H apdind(E,e,q)('%i,jﬂ(x)) = Qi7j,g<-'17)

4,5:T0 g:T'1(4,5) ©: F;
along with a recurison principle rec(E, e, ¢) in the non-dependent case.
Example 5.1.1.

1. fTo=Nand I'y(é,j) = i+ 1 = j, then T is precisely the ordinal w. (We may abuse notation

by referring to w as just N.) For every type family F': N — U/, we have an equivalence

e: | J] n+1=m)—=F, > F, i(HFnanH)

n,m:N n:N

e(F,n) = F, pt1(reflyiq)

sequential colimit

—_—~
along with an equivalence colim(F') ~ colimeeq(e¢(F)) for every diagram F' over w. Specifically,
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construct a quasi-inverse of € by sending each f: [[,,  Fn = Fni1 to

AnAmg. transp® = En = Fk (g ) H (n+l1l=m)—>F, = F,

n,m:N

2. Suppose T'g = {l,r,m} (i.e., Fin(3)) and T';(m,l) =1, I'y(m,r) =1, and T'; (i, j) = 0 otherwise.
Then colim(F) is equivalent to the pushout F'(I) Up(my) F(r), i.e., the HIT generated by

o left: F(I) = F(I) Upgmy F(r)
o right: F(r) — F(I) Up(m) F(7)
o glue : [T, (eft(Fr i (4)(2)) = right(Fpn () (2))).

3. If Ty is a type and 'y (¢,5) = 0 for all ¢, j : T'g, then T is called the discrete graph on Ty. In this

case, colimp(F) is equivalent to the coproduct >, . Fj.
Lemma 5.1.2. For every graph T', colimp 1 ~ To/r, .
Corollary 5.1.3. Let T be a tree and A : U. The function [idA}i:FU s colimp A — A is an equivalence.

Proof. Suppose that I' is a tree. As A x — has right adjoint A — —, the following diagram commutes:

colimp A —=— colimp(A x 1) —=—= A x colimr1 —— A

[idA]
O

Lemma 5.1.4. Let I' be a graph. Suppose that F is a diagram over I'. Let Z be a type and
hi,hs : colimp(F) — Z. If we have a term p;(x) : hi(t;(x)) = ha(i(x)) for alli:To and x : F; along

with a commuting square

app, (Ki,j,9(2))

b (1j(Fj,9(2))) hi(ui(x))
Pj(Fi,j,g(fr))ﬂ ﬂpi(w)
ha(ej(Fij,q(2))) ha(i(x))

app, (Fi,j.g(2))
foralli,j:To, g:T1(i,5), and z : F;, then hy ~ hs.
Proof. By induction on colimp(F). O

Lemma 5.1.5. Consider a pushout square

c— B

fl gluer linr

A——— AlcB
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Let Z be a type and hy,hs : AlUc B — Z. If we have terms
p1 : [ Pa(inl(a)) = hainl(a)) p2 : [ Paline(b)) = hao(inr(b))
a:A b:B

along with a commuting square

ap,, (glue(c))

ha(inl(f(¢))) ha(inr(g(c)))

pl(f(c’))ﬂ sz(g(C))

ha(inl(f(c))) ha(inr(g(c)))

apy,, (glue(c))
of paths in Z for every c: C, then hy ~ hs.
Proof. By pushout induction. O

Note that colimp is a functor from the wild category of diagrams over I' to . In particular, for each
(o, p) : F' = G, the function colim(a, p) : colimp(F) — colimp(G) is the canonical map induced by

the following cocone under F':

F, T F
O”i Gisa Lo -1.,G
G; \ ” / G;j (Az.ap, (pijg ()" - K g(0i(2)))
colimr(QG)

Moreover, the pushout HIT is a functor on spans. For each map (¢, S) of spans

Al f1 Ol g1

B
|
wll S1 P2 Sa lﬂ%
~N
Ay Cy B,
f2

g2

the function po(¢,S) : A1 Ug, B1 — As U, Bs is the canonical map induced by

& - B;
fll fnrowg (A2 apyy (S1 ()" - gluey (¥2(2)) - apiny (Sa2(2)))
Al inlo; A2 |_|C2 B2

23



5.2 Coslice colimits

Let A:U and F be an A-diagram over a graph I'. An A-cocone (C,r,p) under F is colimiting if

postcomp(C, r,p,T) : (C —4 T) — Coconep(T)
pOStcomp(C7 T7p’ T)(fa f[)) =

(Xi- (£ © pri(r) Aa- 3p  (prar)(@)) - £o(@)) s NIATAG: (AP (P (P (2)): A1-Opr, () (F70) - 3P__, 4) (s, (P (P (@) )

is an equivalence for every T': A/U, where O (,, . ,)(f*,a) has type

ap(Pry (Pi.j.g) (Pra(Fi)(@)) ™" - P popr, (1) (PFa(Fijig) (@) - ap(pra(r5)(a) - fo(a)
I
ap(Pry (Pi.j.g) (Pra(Fi)(@) ™" - Py, (1) (Pra(Fijig) (@) - Pra(r;)(a)) - fy(a)

and is defined by double path induction on pry(p; j.¢)(pra(F;)(a)) and pry(F; jg)(a).

Note 5.2.1 (Forgetful functor). The functor pr; : A/U — U induces a functor F : Diag4(T") —
Diag(T") from the category of diagrams in A/U to that of diagrams in . It also induces a functor
F : Cocone(F') — Cocone(pr; oF) between categories of cocones for each diagram F : T' — A/U. In

this case, F maps a cocone (C,r, K) under F to the following cocone under F(F'):

pry(Fi j,g)

pri(F3) pri(Fy)

pri (K j,q)
pry(ri) pry(r;)

pri(C)
Let A:= (C,m,M) and B = (B, k, K) be A-cocones under F. A morphism A — B consists of terms

(f,p) : C—=4 B
d : Hfoprl(mi)fvpﬁ(ki)

:I'g

e : [TT]di(pra(Fi) (@)t - apy(pra(mi)(a)) - pla) = pry(k:)(a)

o a:A

U T TI dilpr(Figg)@) ™ app(pry (M) () - di(x) = pry(Kij.q)(x)

4,5,9 x:pry (F;)

Vo H HAi7j7g(a) = pry(Ki jg)(a)

1,5, a:A

where A; ; 4(a) denotes the chain of paths shown on the next page.
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°té

pri(K,j.g) (Pra(Fi) (@) ™" - apyr (1)) (Pra(Fijg) () - pra(k))(a)
via Ui j,q(pra(Fi)(a))
(5 (pry (Fi ) (Pra(F3) (a))) ™ - ap s (pry (M 5 ) (pro(F3) (@) - di(pra(F) (@) ™ - @Ppr, i) (Pra(Fijig) (@) - pra(ky) (a)

homotopy naturality of d; at pry(Fi j 4)(a)

((apprl(kn (Pra(Fyjg)(a)) - dj(pra(Fy)(a))~" - apfoprl(mj)(Pr2(Fi,j,g)(a))‘1) ~apy(pry(Mi ) (pra(Fi)(a))) - di(sz(E‘)(ﬂ))) e aPpr, (k) (Pra(Fijg) (@) - pra(k;)(a)

via e;(a)

-1

( (3P, ) (Pra(Frsa) (@) - (Pralis) (@) - (3 (pra(m;)(@)) - (@) ™) - 3 fepe, (ony) (Pra(Fisig) (@) ™) + P (pry (M) (ra(Fi) (@) - di (Pra(Fi)(@)) Py 1 (Pral(Fr i) (@) - pra(ky) (@)
Pl(pra(Fi j,9)(a),pra(kj)(a),di(pra (Fi)(a)),pri (Mi,j,6) (pra(F3i)(a)),pra(my)(a),p(a))

di(pra(F)(@) ™+ ap (o1 (M) (ra(F2) (@)™ - 8Py, ) (PPa(Fiyi) (@) - Pra(m; ) (@) - pla)

via pry(Mi,j,q)(pra(Fi)(a))

di(pra(F)(@) ™ - 3p (pra(my) () - pla)

ei(a)

pra(ki)(a)



Definition 5.2.2. A morphism ¢ : A — B of A-cocones is an equivalence if pr,(A) ), pry(B) is

an equivalence.

Proposition 5.2.3. For each diagram F in A/U, the colimiting cocone under F is unique up to
unique equivalence.

Intuition

For all 4,5 : T and g : T'1(4, ), the commuting triangle of an A-cocone

Fi ;.
F, ——7 _ , F

N

C
is equivalent to a homotopy 7; ;.4 : pri(r;) o pri(Fi j.q) ~ pri(r:) equipped with a commuting square

pry () (pry (i o) (pro () (@) —lP2EN D o0 (1) (pry (Fy) (a)

3By () (P12 (Fi, m»ﬂ pri)(a) (2-¢)

pr. (1) (pr (Fy) (@) — pr>(V)(a)

of paths for each a : A. It is this family of 2-cells which distinguishes the colimit of F, in A/U, from
colimp(F(F)). The 2-cells affect colimp(F(F')) by collapsing its nontrivial loops formed by paths of
the form 7(pry(F;)(a)). We call such loops distinguished loops in colimp(F(F)). For example, if i = j
and F; j 4 = idp,, then (2-c) is equivalent to n(pry(F;)(a)) = refloe (v (or, (F1)(a))- In this case, it fills
the Toop (pry () (@)).

5.3 Wedge sums in coslices

Let A:U. Let A be a graph and G be an A-diagram over A. From this data, we can construct a
diagram ((A, G) over a graph I':

I'p = Ap+1
Ty (inl(3),inl(j)) = A1) (A, Gy = pri(Gi)
Ly (inl(0), in () = 0 A, Gy = A
Ty (inr(x),inl(3)) == 1 A, Giniiyinii).g = Pri(Gig)
[y (inr(x),inr(x)) == 0 C(A, Dinr(s)ini(iy,« = Pra(Gi)
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If A is discrete, then the pushout

(,0)—(4,pry (Gi)(a))

Ag x A Ei:Ao pri(Gi)

A D

inl

together with inl is the coproduct of the G; in A/U. We denote D by \/; 5  pri(Gi)

Lemma 5.3.1. Suppose that A is discrete. For each i : Ay, the coproduct \/ . A G in AJ/U fits into

a commuting diagram

(lnr(z —),A\a. glue(a, z/ \n(ch(A Jc (inr(),inl( z))) (tri—\/)

Vyia Go ——=— colimur (A, G, z)

under A.

Proof. Define

(\/ Gw> — colim,.r (A, G, x)
(A

@(inl(a)) = Linr(*)(a)
@(inr(i’ x)) = Linl(3) (.13)
apw(glue(a, Z)) = “C(A,G)(inr(*)v inl“)? a)_l "3y (pr2(Ginr(*),inl(i),*)(a))

a = Aarefl, )

Conversely, define

¢ (colimar ¢(A, G x)) = \/ Ga

oA
Y (tine(s) (@) = inl(a)

Y(tini(iy(2)) = inr(i, z)

apy (Ke(a, (inr(%),inl(i),a)) = aPine(s,—y (Pra(Gine(s).ini(i).+) (@) - glue(a, i)~

It is easy to prove that ¢ and i are mutual inverses as ordinary functions. By Proposition 3.4.2,
it follows that ¢ is an equivalence in A/U. Moreover, it is easy to check that the triangle (tri-\/)
commutes in A/U. O

Remark. It is not the case that collmA G and collmm rC(A,G,x) are equivalent in general. For

example, the pointed colimit of the diagram 1 91s trivial, but the colimit of the augmented
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diagram

equals S'. This situation may seem different from classical category theory, wherein colimits in
coslice categories can be computed as colimits of augmented diagrams in the underlying category.
Note, however, that the internal augmented diagram may add “composites” that are not interpreted

as composites in the model of HoTT, but rather as unrelated arrows.

5.4 First construction of coslice colimits

This section describes the main connection between ordinary colimits and coslice colimits. We build
the colimit of F' in a way that never creates an augmented diagram. We start with the ordinary
colimit colimp(F(F)) which ignores the coslice structure of F. Then, we glue onto this colimit
the 2-cells required by the coslice colimit. We do this via a quotient of colimp(F(F)) that fills its

distinguished loops. For convenience, we begin by recording two variants of homotopy naturality.

Lemma 5.4.1. Let X and Y be types and let f,g: X — Y. Suppose that H : f ~ g. For all xz,y : X
andp:x=uy,
ap,(p) = H(z)™" -aps(p) - H(y).

Proof. By path induction on p. O

Lemma 5.4.2. Let X be a type and P: X —U. Let f,g:][,.x P(x). Forallz,y: X, p:x =1y,

and H : f ~ g, we have a commuting square

d
transp” (p, f(x)) 2P0,

ap,, (H(w))ﬂ HH(;,)

transp” (p, g())

Proof. By path induction on p, O]

Let A : U. Consider a graph T' and a diagram F : T' — A/U over T. Define ¢ : colimr A —

colimp(F(F)) as the function induced by the cocone

A ida A

N A(m (@ @, (pra(F5) (@)~ 5 (pra(F2) (0)))

colimp(F(F))
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under the constant diagram at A. Then form the pushout square

colimp A -, colimp(F(F))

[idA]q‘,:FOJ Jinr

A Pa(F)

We can form a A-cocone on (P4 (F),inl) under F

*

pry (FJ)

Fiig
pri(F) —
. (0i,,9:€i.3,9) _ (7i(a) = gluepA(F)(Li(a))7
(inroe;, 1) (inrovj,75)
Pa(F)

D)

as follows. We have a term 9, ; = Az.ap;, (ki jg(2)) : inro¢jo Fy ;o ~ inro; Further, for each

a: A, we have a chain ¢; ; 4(a) of equalities

aPin (Ki 5,0 (Pra(Fi) (@) ™" - aPinroy, (Pra(Fi j o) (@) - 7j(a)
Pl(pry(Fi,j.9)(a),7;(a))
aPine(ap,, (Pra(Fij.g) (@) ™" - ki g (Pra(Fi)(a))) ! - 7i(a) - reflinia)
Papine (30, <pr2<Fi,j,g><a>>*1.ni,j,g<pr2<Fi>‘<‘a>>)*1«rj<a>»—(""Papim(P[idA](Wg’a)))*l
!
apine(ap,, (Pra(Fijg) (@)~ - ki g (Pra(Fi)(a)) ™" - 7i(a) - apim(@Ppq ) (Kiyj.g(a)))
ap—wj(a»apim(ap[idA]m,j,g(a))‘)‘(apapinx—)*l (py (i.4.9,0))) ™
!

1

apine (3P (Ki,j.9(@)) ™" - 75(a) - apini (aPpia 4] (4.9 (@)
I
Pites. (@) (@)

(Kijg(a)), (1j(a))
Il
apdye(—y—1 (i j,g(a))
1

7i(a)
It will be convenient to decompose €; ; 4(a) into the following chains of paths:
1. Eq(3,4,9,a), the first path of ¢; ; 4(a)
2. E»(3,4,9,a), the second path of ¢, ; 4(a)

3. E3(i,],9,a), the final three paths of €; ; 4(a).
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Theorem 5.4.3. Let (T, f7): A/U. The postcomp function

erT ((PA(F), inI) — A (T, fT)) — CoconeF(T, fT)
err(f, fp) =
()\i. (f oinro i, Aa. apf(n(a)) . fp(a)) s ANIAJAG. ()\m. apf(éiyj,g(m)), )‘a'@lsm,g(f*,a) . aP,.fp(a)(aPapf(Q,j,g(@))))

is an equivalence.?

Proof. We define a quasi-inverse of epr as follows. Consider a cocone (r, K) : Coconep (T, fr) under
Fon (T, fr). For alli: Ty and a : A, we have that

fr(a)
= pry(r:)(pra(Fi(a))) (pro(ri)(a)™")
= receolim(F (1, K))(pra(Fi(a)))

and for all 4,5 : T'g, g : T'1(4, ), and a : A, we have a chain 7, ; ;(a) of equalities

transp® /7 ([dal(@)=receoim(F(r KN W (@) (15, . (a), pry(r;)(a) 1)
PI(ri,j,9(a).pry(r5)(a))
anT(aP[idA](/‘ﬂi,j,g(a))fl “pra(rj)(a)~" - 3Precoim (F(r i) (@Py (K j g (a)))
apapr<ap[idA]<~i,j,g<a,))>—1-prz(rj><a‘)‘—1-ap,eccolim(ﬂh,{))(_>(ﬂw(ivjyg,a))
]
ap 17 (aPpia 4] (43,9 (0))) ™+ P2 (1) () ™1 - 3P recoyyn (7 1) (3P, (Pra(Figig) (@) ™1 - K j g (Pra(Fi) (a)))
PI(pry(Fi,j,9)(a))
ap ;. (aPjg ) (Ki.9(a))) ™1 - Pra(ri) (@)™ - apgy (1)) (PPa(Frg) (@) ™ - @Precoy (£ () (Kigg (PP (Fi) (@)
aPapr(ap[idA](nid,g(a)))—l.m(rj)(a)—l.apm(Tj)(p,!(piyj,gﬂa))—l.,(precco.im(ﬂr,m)(m}gyprz(qu)(a)))
]
apy,. (aPjia ) (Fijig(a))) ™1 Pra(r;) (@)™ - appy )y (Pra(Fijig) (@) ™ - pry (K jg) (pra(F3)(a))
P'(prz(m)(a)»apprl(rj)(prz(Fi,j‘,‘g)(a)),prl(Ki,j,g)(Prz(Fi)(a)))
1l

apr(ap[idA](”i,j,g(a)))il : (prl(Kmvg)(prQ(Fi)(a))*l ’ apprl(rj)(prQ(Fidvg)(a)) ) prQ(Tj)(a))_l

ap —1(ap, _y—1(ppiq ,1(%,3,9,a)))
(P (045, g) Gra (Fi) (@) =L by () (2 (Fi i g) (@) 2 () (@) Py ()71 A

(o111 1.0) (ra (E) (@) - 3By (Pral(Fr ) a) - pra(ry) (@)

|
ap_—1(pry(Kij,g)(a))
I

pra(ri)(a)™"

2This is formalized in [7, Colimit-code/Main-Theorem/CosColim-Iso.agdal.
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This gives us a function

o ] fr(idal (@) = reccoim(F(r, K))(¥(x)) (t)

x:colimp A

and thus a function h, g : Po(F) = T

colimp A ——— colimp(F(F))

J |

receolim (F (7, K))

defined by induction on P4 (F'). Since h(inl(a)) = fr(a), we have a term
(hr’K,)\a.reflfT(a)) i Pa(F)—=aT
Observe that

eF,T(hr,K, /\a.refIfT(a))

= ()\L (th oinrou;,ap,, . (ri(a)) - refIfT(a)) , AMIAGAG. (/\1'. apy, . (0i5,4(2)), Aa.Os, ; (B} g, @) - Wap, () reflp o) (q‘jh,,(a))))

and that h, g oinro; = pry(r;). For each i : I'g and a : A, we have a chain P;(a) of equalities

apy, . (1i(a)) - refl . (q)
= aPth(g|Ue7>A(F)(Li(a)))71 (Pl(gluep, (r)(ei(a))))
(pra(ri)(@)™) ™ (P_1(pn,.« (1i(a))))
pro(ri)(a). (Pl(pry(ri)(a)))

Notation. We denote the path Pl(gluep, () (vi(a))) by A;(a).

Moreover, for all 4, : T'g, g : I'1(4, j), and x : pry(F;), we have a chain Q; ; 4(x)

apy,,  (0i,5,g(2)) - refln, Gine(us(2)))

apy, i (@Pine (Kijg (7)) - refl, i Ginr(ui(2)))

= APrecgin(F(rK)) (Fisig(2)) (PI(Kij,9(x)))
= pri(Kijg)(@). (Preceaim(F(r. 1)) (4, J5 G, T))
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By Lemma 3.5.2, we must prove that for all 4,5 : Tg, g : T'1(4,7), and a : A,

-1
P diap (1)) (12 (Fi g g) (@) pra () (@) (@idg (Pra (Fi) (@)

=(p, (aphT,K (503,005, o (07, 1c0) 3P,

Prz(Ki,j,g)

(e,:,j,g(a))),a)

x (el (a)

To this end, note that

Ai(a) - ap_-1(pn, « (ti(a)))

1 _ 1
transszaphr,K (gluepA(F) (a:) )-reﬂfT([di](w))ig(z) (Hi7j,g (a)? A] (a) cap_-1 (phr,K (L] (a))))

(Kijg(a) ™"

apd _
p aP)LnK(ﬁ“epA(p)(—) 1)"eﬂfT([idA](—))

a ransp " SCcolim (F (1 ) (0 (@) =S ([Da] (0) (e, ),y

(Aj(a)-ap_—1(pn, g (¢j(a))))-apd,_y—1(ki,jq(a))
and that the triangle

-1 apd,_y—1(ri,j,9(a))

transpm»—necconm(f(r,l{))(W(i)):fT([idA](i))(/{Lj,g(a), (prQ(Tj)(a)fl) ) (prg(m)(a)il)il

P'(””*g(“”ﬂ ap_1(apd, (i 5,4(a)))

transp /1 (41 =recamF KD o . (), (1) (@) ) !

commutes, where apd,(k; ;q(a)) = 1 4(a) by the induction principle for o. Therefore, after
unfolding =, we want to show that for each a : A, pry(K; ;,4)(a) equals the chain Cz(a), shown on

the next page.
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€¢

Py (Ki.0) (ra(F2) (@) ™ Py, 1, (pral(Frg) (@) - prar) (@)
I
AP Loz, () (r2(Fi i g) (@) pra (n) (@) (Qij.g(pra(Fi)(a))) ™}
Il
-1
(3P, g (Pra(F2) (@))) - 1l it ora(F@)))) 3o, o) (P2 (Fisig) (@) - prar) )
[

Pl(pra(Fi,j,0)(a))

H
(300, 0 PPy ) ) - 38y, 1) (ra(Fis ) (@) 2) 81 (8 Pra(F) @) vl it o)) 3Py (PP (Fio ) (@) - Pra(r ) a)

ap -1 (a))
((3Bpry () 9r2 (i 5, (@) =90y 1y G2 (i, (@) 71 ) 90, e (5 g Pr2CFD @D M6 iy ra () (@) ) 3By () (572 (Fi 5,00 (@) 512 () (@)
u

( (300 ()@ - (10730 (300, 730 €1 0) ) 01,0 (P H0D) ) 301, (B 1 FED) Mot ) e Pl Foi) ) b1z @)
I

PI(pra (Fi5.9)(a),pra (r3) (0000, (75 (@))refl ey @1 e (51,5, (pra(Fi) ())))
Il

aphr_K(5i,1.g(P"2(Fi)(‘1)))71 : aval(r])<P'2(Fi,j,g)(a)) “apy, . (1i(a)) - refly, (o)
I

5, 5.4 (h:,[(!ayapaphr‘x (=)-refly (o) (€i,5,9(a))
I
apy,, . (1i(a)) - reflp,a)
Il
Phy e P (1) ()T 1))
transpz’—ﬂ'eccchm(‘F(T!K))(w(z)):fT([idA](!‘>)(K/i.j,g(a)y apy, . (1i(a)) - reflg, (a))

ap"anSPT.Hvecm”m(nr,K))(w( 2))=fr([ida](=)) (Ki,j,g(a)v*)(AJ (a)-ap_—1(pn, k(1i(a))))
Il

(kigg(a)), ((pra(rj)(a)™")
l

Pl(ki,5,6(a))

apd (Kijg(a) ™!

-1

)

P'(sz(‘r)(a))
pra(ri)(a)



We can reduce C=(a) to pry(K; j 4)(a), which appears in 7; ; 4(a), in a bottom-up fashion. This process
iteratively removes the p terms appearing in Cz(a). We refer the reader to the Agda formalization
for the full reduction (see the [7, Colimit-code/R-L-R] folder).

So far, we've defined a right inverse of epr. We next want to prove that this is also a left
inverse.®> To this end, suppose that (f, f,) : (Pa(F) —a T) and let E; = pry(epr(f, fp)) and
Ey = pry(epr(f, fp)). We want to find terms

h

Qo H f(x) = hEl,Ez(‘r)

z:Pa(F)

a l_Ioz(inI(a))_1 - fpla) = refly, (q)
a:A
To construct «, we use Lemma 5.1.5. For each a : A, we have that

f(inl(a))
= fr(a) (fp(a))
= h(inl(a)).

Already, we see that once « is constructed, it will be easy to derive & from it. Moreover,
Flinr(ei(2))) = hlinr(ei(2))),
We also have a chain V; ; ,(z) of equalities
transpwf(inr(y)):f"z(inr(y))(HMQ(I)’ el (s (Fr o (2)))))

Pl(ki,j,q())

ap;(apin(Kijig(2))) " rap 7 o (Kijg(a)

——
receolim (F (E1,E2))
aPapf(apin,miyj‘g(z)))fl,,(Precw“m(f(El,Ez))(iyjﬁg»z))

apf(apinr(lii,jyg (.’E))) ’ apf(apinr(ﬁi,jvg (.’E)))

Pl(ri 5,4 (2))

refl £ (inr(ui (2)))

By induction on colimp(F(F)), this gives us a term

v JI fne(@) = hdinr(o).

z:colimp (F(F))

3This is formalized in [7, Colimit-code/L-R-L].
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For all i : Ty and a : A, we have the chain R;(a) of equalities

(apf(gluem(m(u(a)))‘l : fp(a)) -apj,(gluep,, () (Li(a)))
= (alof(gluemm(u(a)))*1 ~fp(a)) (apy(1i(0) - fy(a)) ™"
(P (ap, (gluen () (s(@)) 1+ fp (@) — (PR (4i(@))))

refl ¢ (inr (1, (pry (7) (a)))) (Pl(gluep , (g (ri(a)), fp(a)))
Y(¥(1i(a))).

Further, for all 4,5 : Ty, g : T'1(4,4), and a : A,

tranSpwH(apf (gluep , () ()£ ([[dal(@)))-aps (Bluep , (1) (£))= fine i (2)))=Fr G (o)) V ($(@) (Kijg(a), Rj(a))

d y -1,
3P (aps <gluepA(F)(—»*l-fp([im](—)))-ap;b<gluepA(p><—>>(K'*-7*g(a))
3P,anspiz = £ i (46 (2)) =R (4 () (1 o (@), ) (Rj(a))-apd.,(y(—y) (Ki,j,q(a))

We must prove that this chain of equalities equals R;(a). By Lemma 5.4.2, we have a commuting

square

d i
2P o e 1y ()= ([ A) () ) oo e 1y (= (50779 (2))

(5150 (@). (29 810 ) (15(0) "+ (@) - 20 (@ep (i (15(@)) —— (a0 (&, () (1s(@) - fy(a)) - apy (Elues, g (1i(@)

H l

aptranSPLHf(inr(w(z))):f'z(‘mr(u‘/(ﬂ))(K,mmg(a).f)(ap(apf(gme,,/‘(F)(,,j(a)))fl.fp(a))., (P (5(a)))) ap(apf(g\usp/‘(F)(r,, (a)))—1 »f,,(a))

(5. (3B 00 () 5(@)) - ooy @) (@) ™) (3@, 1) (@) - (o) ()
2P ap g ey () (D Ap (0] () () TN

_(pn(i(a)))

Therefore, it suffices to show that

d y -1
* (apf(g'”ePA(F)(’))71'fp([idA](*)))‘U(*)(n 3,9(@))

3Py np i £ (inr (4 () =R (e (¥ (2))) (1 5 (a),—) (Pl(gluep , (5 (tj(a)),fp(a)))-apdy(_y (ki jg(a))

P'(gmem(z«*) (ci(a)), fp(a))

where the two Pl terms refer to those in R;(a) and R;(a), respectively.

We have two commuting triangles of paths, shown on the next page.
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9¢

Pl(Ki,5,9(a))

(i.0(0)), (3P (@luep, (i (13 (@) ™ £y(@)) - (e (@)

2P e 1y () p ([ ] (- (o) (D909 (2)

(3ps@luer, () (13(@) - fy(@)) - (ki (@), (0(2;(@)

Pl(ki,5,9(a))

%P (ap 1 (guep (o) i (@)L fp (@)

(ap (&luep, i) (1:(a) " - Fo(a) ) - 7(us(a))

_(apd, (ki,j5,9(a)))

(Kijg(a)), (v(¥(r;(a))))

apdy (y(—)) (Fing,g(a))

apy (ki j,g(a))« (V(¥(5(a))))

ana,(aPap (Ki,j,9(a)))

y(W(ei(a)))



Note that apd, (k; j,4(a)) = 1:,,4(a) by the induction principle for colimp A. Further,

apd,, (apy (#ij,4(a)))

B y((i(a)) (Pulidig:a)) - apdy(ap, (Pra(Fi ) (a) 7 - Rig (Pra(Fi)(a))

refl £ G (pra (Fy) (a))))
ap_*(reﬂf(inr(Lj(PFZ(F]')((L)))))(pw(i7j7g’ a)) - Pl(pry(Fy j,4)(a)) - apdfy("i7j,g(pr2(Fi)(a)))

where Pl(pry(F; j,4)(a)) has type

(apu (pra(Fijg)(a) ™" fﬂ,j,g(Prz(Fi)(a)))* (refl inr (o, (pra (7)) (@)

(Kij.g(Pra(Fi)(a))), (v(1; (Fijg(Pra(Fi)(a)))))
Note that apd., (ki j,g(pra(Fi)(a))) = Vi jg(pra(Fi)(a)) by the induction principle for colimp (F(F)).

Now, let
)/ivjvg(a) = 6/\1. ap;(Ki,j,9(x)) (f*’ a) : ap—'fp(a)(apapf (eiJag(a)))

For each s : f(inr(v(¢;(a)))) = h(inr(¥(¢;(a)))), consider the chain x(s) of equalities

transp™ FUnr (U@ =R(n(6@) (1, . (a), s)
le(nm.g(a),s)
apf(apinr(apw(’ii,j,g(a)))rl ©S- 3Precco.im(f(E1,E2))(apw("fi,j,g(a)))
P (@ap (g my) (P (60:9:0))
! (@p,, (pra(Fijg)(a) ™" - i g (Pra(Fi)(a))

ap ¢ (aPine (aPy (Ki,j,(a)))) ™" + S * APrec g (F (B, E2))
ap...._(p1(i.g,9,a))

ap (aPine (3P, (i.5,()))) -5+ (ap s (75(a))- f (@)
(apf(apinr(ﬁiijg(pr2(Fl)(a))))7l‘apfoinrcu] (P"z(Fi,Jyg)(a))'apf(Tj(a))‘fp(’l)) N

Y .
apwf(ap(apf<Tj<a>)-fp<a))»—*1( 1.9(2))

an(3Pinr(ap¢("ii,j,g(a))))fl "S- (apf 7j
¥ (spg (ri @) fp (@)

s (3P (P (3P (i (2)))) - (3P4 (7i(@)) - fy(@)) - reflypay) - (ap4(Ti(@)) - fy(a)) ™

[Pre @ o

—1(p2(i.4,9,a))

an(apinr(apw(ﬁi,jyg(a))))

ap g (aPinr(aPy (i g (a)))) ™"+ 5+ ap £ (aPine(aPy (i j,g(a))))
HPI(m_j_g(a),s)

transp®S (@) =F (@) (1, . (a), s)
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where 1 (7, , 9,a) and us(4, j, g, a) denote the chains of equalities

APrec, o (F (B, B2)) (3P, (P2 (Fijig) (@) ™ - i g (Pra(£3) (a))

Pl(pry (Fi,j,g)(a))

aprecco“m (]:(El, EQ)) o (pr2 (Fi7j7g)(a))71 : aprecco|im(F(E1,E2))("iiyjyg(prQ(Fi)(a’)))

fomroz.j

apapfomroLj(prQ(Fiyjyg)(a))*l._(precco“m(}_(E‘l \Eg)) (1:7,9,pr2(Fi)(a)))
|
AP foinror, (prQ(Fiajvg)(a))_l : apf(apinr(niyjag(p@(Fi)(a))))
i

Pl(ma’)"fp(a))
(2P (5(@)) - f(@)) - (3P4 (75(@))  f(@) ™" 3P foinro, (Pra(Fijig) (@) ™1 - P (apine (i 0 (PP (Fi) ()
I

_(PI(7j(a),fp(a),pra(Fi,j,9)(a),apin (ki 5,9 (Pra(Fi)(a)))))

|
(aps(75(a)) - fp(a)) - (apf(apim(m,j,g(Prz(Fi)(a))))‘l *3P foinror; (Pr2(Fijg)(a)) - apg(7j(a)) - fp(a))

P (app (rj (@) fp(@)-

apy(7j(a)) - fp(a)
|
apdapf(gluepA(F>(7)_1)-fp([idA](—))(K/iy.ir.‘](a)71)71

|
transpy’—>f(i"’(TP(y)))=fT([idA](y)) (K'i,j,g(a)_lv aps (73) - fp(a))

P'(M,j,g(a)”‘Fi(a)»fp(a))
ap(apine(apy (Kij,g(@))) - (apy(7i) - fp(a)) - apy, (aPpa ) (i g (@)
apapfup;m(apw<~,ﬂ,j,g<a>>)>-(apf<m|»|fp<a>)~apr()1(’][
|
ap (apine (apy (i g(a))) - (aps(Ti(a)) - fp(a)) - refl (o)

-1

idA](iw‘jvg#aJ)

respectively. By Lemma 5.4.1, we have a path

APtransprr £ lnr(w (@) =A(nr(¥ () (k; ;. 4 (a),—) (Pl(gluep, (1) (1 (a)), fp(a)))

— -1
x((apg (gluep , () (15(@) " -fp(@))-(apy (5(a)) - fp(a)) )
aPt,ans,,wfmnr(wm)>>:f(inr<w(m>>>(,%j’gm),,)(Pl(gluepA<F)(Lj(a))’fp(a)))-x(reﬂf(im@j(pr2(pj)(a>)>>)_1
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where Pl(gluep, () (tj(a)), fp(a)) has type

(apf(gluePA(F)(Lj(a)))il : fp(a)) : (an(Tj(a)) : fp(a))il = reﬂf(inl’(l,j(prz(Fj)(a))))

We also have a commuting square

(ap(gluep, (i) (@) - £(0)) - (apy (i) - fy(a)

(@)t
2P (an e (1 13 (@)~ () ) - (o0 (@)

H

(apf(gluePA(F)(Li(a)))il'fp(a))'
transp® ST (1441 (@) =R(inr (v (2))) (Kw’q(a%(apf(fj (a))Afp(a))”)

-1 Pl(si,5,9(a))

el transpe /(D= (. (a), (ap (Bluep, ) (15 (@) - Sy(@)) - (30 (@) - fyl@) )

H

X(ap (gluep , () (1(@)) " Fp (@) -(ap (75 (@) Fp (@) )

e transp® S (V@) =R (V@) (15, . (a), <apf(g|uePA(F)(Lj(a)))7l -fp(a)> - (ap(75(a)) - fol@) ™)
Kijg(a



We’ve now put

-1

apd(apf(gluepA(F)(7))*1~fp([idA](f)))«cr(7)(K/ivj,g(a’))_l'x((apf(gluePA(F)(Lj(a')))_l : fp(a)>-(apf(rj(a)) fpa)) )
into a useful form.

Let’s put X(reflf(im(Lj(pFQ(Fj)(a)))))*l . apde(f))(/ii,j’g(a)) into a useful form as well. Consider the
following three chains of equalities:

31 (3Pinr (3P (K0 (@) ™ - (3P (@Pyor (3P (41,1,0 (@) - (3P (7i(@)) - Fp(@)) - reflyay) - (3P4 (7i(@)) - fy(@) "

o 1
a —1(p2(2,5,9,a
P (apg st £p(a) 1(p2(i,4,9,0))

3P 1 (3P (3P (Ri1.g (@) 1 (3P (73(a)) - (@) - (ap4(i(@)) - Fip(a) "

o 1
ap...._ (ap(apf(T](a))_fpw)_f,l (aP—. 1, (a) (3Pap ; (E3(i14,9,0)))))

-1

ap(apine(apy (i g0 () " - (apy(7i(a) - fy(@)) - (apy(@pinr(apy (Kiyig (@) ™! - 75(a) - reflina)) - fp(a))

_ _ -1
ap(apin (apy (ki g () ™" - (ap;(75(a) - fo(a) - (ap s (aPinc(@py (i j g (a)) ™t - 7i(a) - reflioia)) - fp(a))
ap.,,.,(ap(apf(T](a))vfpm)_f,l(apfvfp(a)(apapf(Ez(i%g,a)))))*l

a0 (2P (3P (11 ()) - (30 (75 (@) - Fy(a)) - (30 (3Pug (3P, (PP (s} @) - i pra(F) (@) -7y (a) - ()

y -
ap._ (ap(apf(T] (@) fp@)-——1 (@P_.1, (a) (@Pap ; (B1(3.5,9,0)))))

0 (3P (3P (1.0 (@)) " (30 (75 (0)) - Fy(a)) - (30, @i (2 (Pral i) (@))) - 3Bie, (pra(Fi s )(@) - 75(a)) - ()

* -1
B 0Py 1 0y o0) 1 (Ore s 0 (7))

ap ; (apine(aPy (ki i (a))) " - (apy(7i(a)) - fo(a)) - (apf(apim(fii,j.,g(prz(Fi)(a))))‘l “aP foinror,; (Pr2(Fijig) (@) - apy(7)(a)) - fp(a)) -
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30 1 (3Pie (39, (010(0))) - (30 (75 (0)) - () - (30 (3P (15 (Pra(F@)) ™ - 30 e, (02 (@) - 30 (75 0) - fyfa))
ap...._(pa(ij,g,a)) "

ap;(aPinr(aPy (Ki,j,9(a))) ™"+ @Preceym(F(B1, E2)) (@Ps, (Pra(Fijig) (@) ™1 - K j g (Pra(Fi)(a)))

B (@ iy ) P (BD00)) T

ap ;- (aPine (aPy (K359 (@) ™"~ Prec gy (F (B, B2)) (aPy (15,9 (@)

Pl(r.(a)

transp® (O @N=R @) (15, 5 o (a), 1€ finr(s, (ory () (a)))

Pl(rj.(a)

apy (Ki,j,g(a))« (Y (¥ (25(a))))

P (M ine(o  (pry (1) (a0)))) (pu (i,5,9,a))

(3P, (Pra(Frius) (@) iy (ra(F2) (@) ) (refl e, ors ) )
Pl(pry(Fij,g)(a))

(Riopa (Pra(F)(@))), (105 (Figg (Pra(F1) (@)))))

Pl(ki,j,9 (Pra(Fi)(a)))

ap(aPiny (i jg (Pra(Fi) (0)))) ™+ 3Preceyn (F(B1, 2)) (Kigg (Pra(Fi) (@)))

APap  (apine (17, 5. (072 (F3) (2))) — 1 — (Preccotin (F (B4, B2)) (1:7,9,Pr2 (Fi) (0)))

ap 1 (aPynr (1,59 (Pra(F3)(a)))) " - ap s (apiny (K j g (Pra (Fi)(a))))

We denote these chains by P (i, 7, g,a), Px(4,j,g,a), and Ps(i,j,g,a), respectively. We can show that

Pl(ia.jvg7a) = PI(Hi,j,g(a)vTj(a)vfp(a’))
P3(iajvgva) = Pl(prQ(Fi,Lg)(a)?Ki,j7g(pr2(Fi)(a))7Tj(a)vpd)(i’jvg)a))

and that the square shown on the next page commutes.
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ap 1 (aPiy (3P (Ki,5,9 (@) '+ (ap s (75 (a)) - fp (a))-

Pl(apy, (ri,5,4(a)),75 (), fp(a))

(2P 4 (aPine (3P (51,5,6 (@) ™27 (@) refliica)) - Fp () "

Ps(i.j,9,a)

ap 4 (aPin (3P, (K5, () ~*+(ap4 (75 (@) fir(a))-

(apf<apinr(’iw,g(|)"2 (F'z)(a))))_l "APfoinros; (pray (F.,,J,g)(a))-apf (75 (a))»fp{a)) -

Pl(pra(Fi j.g)(a).k4,5,9 (Pra(Fi)(a)),75(a),py (4,4,9,a))

refl £ ine(us (pra (F1) (0))))

Pl(Ki,5,9(Pra(Fi)(a)))

apf(apinr(’{i,j,y(prZ(F‘i)(a))))71 : an(apinr(“iﬁj,g(Prz(Fi)(‘1))))



15374

These three equalities together give us a commuting diagram

Pl(ki,5,9(a))

transp®f (inr(ié (@) =f (inr(ié (@)

(Ki g9 (@), refl ineu; (ory (7 0))))) refly(ine (o (pra (Fi) (@))))

PI(ri5.9(a)) PI(si, 5,9 (pra (F3) ()
ap (apin (apy (Ki g () - ap(apine(apy (15,4 (a))) ap (apiny (i jg (Pra(F) (@) " - ap s (apine (i.5.4 (Pra (Fi)(a))))
PI(7i(a).fp(a) ki, () P3(irj,g9,a)
ap £ (apine(apy (i 5,9 (a)))) - ap - (apin (3P (1,59 (@) ™1+ (ap4 (75 (a)-fi (a))-
(3P (aPir (3P (i 5,9 () (3P (73 (@) f (@) ) refl g () ) (3P (7 (@) fp (a)) ™" (2P (@Pne (56,5, (Pra (F2) (@) ™3P oo (PP (Fijg)(@)) B (7 (@) (@)

Py (i,5,9,a) Ps(i,5,9,a)

ap 5 (apyur (3P (i 5,4 () "1+ (3 (7 (a)) - fp (a))-
(ap 4 (aPine (aPy (i1,5,6 (0))) 17 (@) reflinay) - fp(a)) "



It’s easy to check that the bottom string of paths in this pentagon equals X(reﬂf(im(bj(prz(pj)(a)))))_l .

ade(’/}(—))(“iJ,g(G))a so that
X(FEflf(inr(Lj(PFQ(Fj)(a)))))il . apd,y(w(_))(liihj’g(a)) = PI(K:i,j,g(a))
It follows that

d . -1,
ap (apf<glue7>A(F)<—)>—1-fp<[fdA]<—>>)-a<—>(””'g(“))
apmnspmf(inr(w(m))):fl(inrw(m)))(Niﬂj)g(a),,)(P'(g'uepA(m(Lj(a)),fp(a)))-apde(f))(m,j,g(a))

Pl(Ki,5,9(@)) * @Ptranspes f (v @m =s (@) (1, 4 (a),—) (PHEIUER , (7 (15 (a)), fp(a))) - Pl(Kij,4(a))
Pl(ki,j,9(a))

Pl(gluep, (r)(1i(a)), fp(a))

as desired.

Corollary 5.4.4. Pointed acyclic types are closed under colimf..#

Proof. Since ¥ : U* — U* is a 2-coherent left adjoint (Example B.0.3), we have that 3(colimp(F)) ~
colim},-(X(F;)). If each F; is acyclic, then the second colimit is the colimit of the constant pointed

diagram at 1, which is trivial as the cofiber of the identity function on colimp 1. O
Lemma 5.4.5. For every map h* : T — 4 U, the square

(colimF —4 T) LN (colimF —4 U)

eF,TJ( JVCF,U

Coconep(T) Coconer (U)

Coconep (f*o—)

commutes where Coconep(f* o —) is defined by

(z,R) — ()\i.h* 0 Ty, NN AG. ()\x. apy, (pry(Rijg)(x)), Aa.Op (R, , (1", a) - apaph(,),hp(a)(prQ(Ri,j,g)(a)))) b

4Recall that a type is acyclic if its suspension is contractible (see [3]).
5This is formalized in [7, Colimit-code/Map-Nat/CosColimitPstCmp.agdal.
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Action on maps

We now describe the action of colimﬁ(—) on morphisms. Suppose that F' and G are A-diagrams over
I". Consider a morphism ¢ := (d, <§,§~>) F=,G

Fij.g
) N

F
(GRFEIRN) de

i G

Gijg

&S

d;

—

Q

<

of A-diagrams. We have a commuting square

F; L G;

F B
‘| I
colimi~ (F) ——C—O—“—n;;(—é—)—é colimf(G)

r

of diagrams over I". Note that for each a : A,

€igg(a) © Eijg(Pra(Fi)(a) ™ apyr (o) (Pra(di)(0))Pra(Gijig) (@) = Py, (a,) (Pra(Fij.g)(a))-pra(d;)(a)

Without loss of generality, we may assume that 5} j.¢(a) instead has type

€i5a(Pra(Fi)(a) = apy, () (Pra(di) (@) - pra(Gijig)(a) - pra(d;)(a) ™" - apyy (a;) (Pra(Fijig) (@)~

Eijg(a)
Now, the triangle
colimp A
y %
colimp(F(F)) 3 colimp(F(G))

commutes by induction on colimpr A. Indeed, we have a path

b(vr(ti(a))) == d(ui(pra(Fi)(a)))

Ci(a)=ap,, (pra(d:)(a))

ti(pry(di) (pro(Fi)(a))) = wi(pra(Gi)(a)) == "a(ui(a))
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forall i : Ty and a : A. By Lemma 5.4.1, we have a path

Sigg(a)  Kigg(Pry(di)(pra(Fi) (@) ™" - aP, opr, (G, o) (Pr2(di) (@) - ijig (Pra(Gi)(a)) = Ci(a)
Hence we have a chain ; ; 4(a) of equalities

(Kij.g(a)), (Cila))
Pl(ks,5,4(a),Cj(a))
ap;(apy, (ki j.g(a)) ™" - Cj(a) - apy, (Kijg(a))
I

via pyp (3,5, 9, a)

I
ap;(ap,, (pra(Fijig)(a)) ™" ki g (Pra(F3)(a)) ™ - Cj(a) - apyg (ki g (a)

PIpra (Fi s,5(a))
ap; (ki j.g (Pra(Fi)(@))) ™1 - aP, opr, (a;) (Pra(Fijig) (@) - C(a) - apy,, (i jig(a)

via pg(i, j, g, pra(Fi)(a))

(3P0, (€ Pral @) ™ iy (pra () (pra(F)(@)))) 3, cr, 4, (PralFioi)(@)) - C5a) - 3By (1 ()
I

via é,d,y(a)

(3P, (Bog (pra(F) (@) i (s (d:) (0ra(Fi)(@)))) 3Becpn ) (Pra(Fi ) (@) - 5 a) - 30 i)
I

via pyg (i, 5, 9, a)

[l
(300, (B )7 g (or1 () (ra () @)))) 2y, ) (PP (Fig)(@) - €5 0) - 3By, (01 (G ) (@) g (pra(G) (@)

Pl(pra(di)(a),pra(Gi,j,g)(a),pra(d;)(a),pra(Fi j,g)(a) ki 5,9 (Pri(di) (pra (F3)(a))))

/*%,Jl,g(Pfl(di)(P"z(l*ﬁi)(a)))f1 AP, 0pr, (Gl,],g)(P"2(di)(a)) “ Kij,g(Pra(Gi)(a))
I
Sij.g(a)

Ci(a)

for all i,5: Ty, g : T'1(4,74), and a : A. This proves that the triangle commutes.

We now have a map of spans

A colimp A —— colimp(F(F))

id[ reflfi) () J{id c-1 Jé

Ae—— colimp A —— colimp(F(G))
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This gives us the data

colimf!(6) = (W5, Aa.reflinia)) : Pa(F) =4 Pa(G)
Us(inr(ei(x))) = inr(ei(pry(di)(z)))
pu;(x) : apy,(gluep, (7 (1)) = gluep, () - ap;,, (C ™' (2))
Corollary 5.4.6. The forgetful functor A/U — U creates colimits over trees.

Proof. Suppose that I is a tree and let F' be an A-diagram over I'. The function [id 4] : colimp A — A

is an equivalence. One can check that

colimp A -, colimp(F(F))

[idA]J Jo

polida]

is a pushout square. This gives us an equivalence 7 : P4 (F) = colimp(F(F)) such that
A(inr(ui(2))) = wilx).
for all i : Ty and « : pry(F;). We also see that

ap'y(apinr(KiJ,g(x))) = ap’yoinr(’%i,jvg(q")) = apid(’ﬁivj»g(x)) = Hivjvg(x)
for all 4,5 : Lo, g : T'1(4,5), and x : pry(F;). This means that v is a morphism of cocones under F(F).
It follows that the forgetful functor preserves colimits over I.

It remains to prove that the forgetful functor reflects colimits over I". Consider a cocone C

Fijg
F;

F;

under F' as well as the cocone F(C) = (pry(C), pry or, H) under F(F) obtained by applying the
forgetful functor to C. Suppose that F(C) is colimiting in ¢. By the universal property of colimits in
A /U, we have a morphism (P4 (F),inl) = C of cocones, which induces a morphism pr; (P4 (F)) F,
pry(C) of cocones in Y. This morphism is unique by the universal property of colimits. Moreover,
by Proposition 5.2.3, there exists a cocone equivalence from pry(P4(F)) to pri(C) as both of them
are colimiting. It follows that F(7) must be an equivalence. Thus, 7 is a cocone morphism whose
underlying function P4(F) — pr;(C) of types is an equivalence. This means that 7 is a cocone

equivalence, so that C is colimiting. O

47



Question 5.4.7. Let A be a graph and G be an A-diagram over A. If the canonical function
colima (F(G)) — pry(colim?i (@) is an equivalence, then is A a tree?

Corollary 5.4.8. IfT is a tree, then for each X : A/U, the colimit colim? of the constant diagram
at X is X.

Proof. This is an easy consequence of Corollary 5.1.3. O

Note 5.4.9. Thanks to Lemma 3.3.7, we can refine Corollary 5.4.6 as follows. If |T'| is n-connected,

inr

then so is the underlying function of the cocone morphism colimp(F(F)) — P4(F) in U. Thus, the

degree to which F approximates colimf‘ (F) increases linearly with how close I is to a tree.

Adjunction

Next, we verify that our functor coIimI‘il is correct by showing that it’s left adjoint (in the sense of
Definition 3.1.7) to the constant diagram functor. Consider again a morphism § = (d, <§, §:>) F =4
G of A-diagrams.

Note 5.4.10. Consider the A-cocone K ()
(i (inr 0. © pry (i), Ad- 3By, (Pra(di) (@) - 7(@)) , NiAGAG. (A 3Pinr (30, (€iig (2)) 7+ 5T, o (P () (@))), Aa-O(e1 g (), g () ))
on P4 (G) under F where O(e; j 4(a), & j.4(a)) denotes the chain of equalities

apine(ap,, (&ij.g (Pra(F1) (@) ™" - K5 4 (pry (di) (pra(F3)(a)))) ™ + @Pinror, opr, (ay) (P2 (Fjig) (@) - @Pinre, (Pra(d;)(a)) - 7§ (a)

via flvj_g(a)

apin(ap,, (i jig ()" - £ o (pry (di) (pra(F:) (@) ™+ @Pinror, opr, (d,) (P2 (Fijig) (@) - @Pinros, (Pra(d)(a) - 77 (a)

via Lemma 5.4.1 applied to nijg and pry(di)(a)

apinr(apL] (Ei,]}g(a‘))il : apL]oprl(Gi,]_g)(prQ(di)(a)) ! Hfj,g(prQ(Gi)(G’)) ) apL,(prZ (di)(a))71)71 : apinrmjoprl(dj)(prQ(Fi,j,y)(a)) * APinros; (prQ(dj)(u)) ! TJG((L)
PI(pry (Fij.g)(a),pra(d;)(a),pra(di)(a) w4 (pra(Gi)(a)),pra(Gis,g)(a)

Pinror, (Pra(di) (@) - apine (K57} 4 (Pra(Gi)(a)) " @Pinre, (Pra(Gijig)(a)) - 7 (a)

(pro(d;)(a))— (€i.j.g(a))

ap:
......

APinros,; (PPo(di)(a)) - 77 (a)

We claim that
colimp(§) = e;}m“m(c)(K(é)) (map-eq)

It suffices to show that colimp(d) belongs to the fiber of ep colim(e) over K(d). The proof closely
resembles the first half of the proof of Theorem 5.4.3. We again leave it to the Agda formalization
(see [7, Colimit-code/Map-Nat/CosColimitMap16.agdal).
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Definition 5.4.11. For each T : Ob(A/U), define Cocone® (— 0 §) : Coconeq(T') — Coconer(T) by

(‘7"1 <R17 R2>)

I

(Xi- (pro (i) © pry(di), Aa. 3Py, o) (Pra(di) (@) - pra(wi) (@) ) , AiAJAG: (A2 Pgr ) (€ () ™1+ Bu(is 5 9, P (di) (), A0 Vi s (9. ) ) )

where Vg, r,(%,7,9,a) denotes the chain of equalities

(3Pyr o (€ (Pra(F) @) R 5:,pra () Pra(F(@)))) 3, oy o, ) (P (Fivi) (@) - 3P, o, () a) - praCe ) (a)
PI(R1 (i,7,9,pry (di)(Prz(Fz)(a)|)|>,ap,,,1 (o) (&iig (Pra(Fi)(a))))
[
Ra (i, 3, g, pro(di) (pra(F) () ™ - @Ppy, (2 (§i.5.0 (Pr2 (Fi)(@))) - 3P, (2 yopr, (ay) (P2 (Fijig) (@) - @Ppy, o) (PPa(d;) () - pro(a;) ()
P11 (1,3,9,pr1 () (pr2 (F3) () ™3Py (1) () 2pry () 0pry (llj ) r2 (Fi ) (@) 30pe (2 ) (or2 () (@))-pra () () (i5,0(a))
Il
R (i §, 9, pri(di) (pra(Fi) (@) ™" - aPpr, (2;) (Bi g9 (@) - @Ppr, (0 )0pr, (d;) (Pr2(Fi i) (@) + @Ppr, () (Pr2(d)(a)) - pra(;)(a)

via Lemma 5.4.1 applied to Ry and pry(di)(a)

(3Pory (o) (Pra(di) (@) R (i.,9.pr2 (G) () ™ 2Py, (1) (3Ppey 6, o) (Pra(di) (@))) 1)
APory () (Eijg (a‘))'apprl (@) 0pry (dj)(Prz (Fiyj»g)(a))'apprl (.nj)(P"z(dJ )(a))-pra(z;)(a)

(Pra(di)(a)),pra(Gi,j,g)(a),pra(dy)(a),pra(Fij,g) (@), Ra(i,5,9,pra (Gi)(a)) ™)
|
apprl(zi)(pr2(di)(a)) Ry (ivjvgv pr2(Gi)(a))71 : apprl(wj)(pr2(Gi,]}g)(a)) : prZ(xj)(a)

Wap (o) (ra(dy) (@) — (F2(0:5:9,0))

APpr, () (pro(di)(a)) - pray(zi)(a)

Pl(@Ppry (o) (Pr2(di)(@)),aPpry (G ;5 o)

Lemma 5.4.12. The square

—ocolim{: (6)

(colim(G) -4 T) (colim(F) —4 T)

eG,TJ JEF,T

Coconeg(T) Coconer(T)

Cocone® (—06)

commutes.®

6This is formalized in [7, Colimit-code/Map-Nat/CosColimitPreCmp.agdal.
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Proof. For each f*: colim(G) —4 T, note that

eFvT(f* 0 e;‘,];:olim(G) (K(é)))
= Coconer(f* o —)(ep colim(a) (e;}colim(g)(K(é)))) (Lemma 5.4.5)
= Coconep(f* o —)(K(9)).

Thanks to (map-eq), it thus suffices to prove that
Coconer(f* o —)(K(8)) = Cocone’ (= od)(eqr(f*))

We leave such a proof, which is messy yet routine, to the Agda formalization (see [7, Colimit-code/
Map-Nat/CosColimitMap18.agdal). O

Corollary 5.4.13. We have an adjunction colimf} - constp, where constr denotes the constant

diagram functor AJU — Diag4(T").”

5.5 Second construction of coslice colimits

In this section, we apply the 3 x 3 lemma to our first construction of coIimI‘f1 (F) to obtain the familiar

construction of colim# (F) as a pushout of coproducts in A/U.

To begin, consider the following grid of commuting squares:

id +id

Z(i-m):Z(m roxro L1 () pr(F) (Z(I-,J-!J):Z(,,,] roxrg L1(Ed) prl(F’)> + (Zm,w:Zm. roxro L1 (E) prl(Fi)) M) 2, Pra(Fi)
(1,4,9.pr2(Fi)(a)) refl (i 5.g,0r2 (1) (a)) F1OM (35, r2 (1) () (i,,9.Pr2 (Fi)(a)+(3,5,9.pro (Fi) (a)) 1efl (i oo () () T3P () (P2 (Fijig) (a)) (i,pry(F3)(a))
|
(Zpronr, Tilin)) x A id-+id ((Saproxro T16:9) % A) + ((Sigprgnr, T1li ) x A) (i) +(a) ———— To x A
|
pry refl, +refl, pra +pry refly +refl, Prz
A ida 4 ida 4

Call the pushouts of the left, middle, and right vertical spans V7, V5, and V3, respectively. Call the
pushouts of the top, middle, and bottom horizontal spans Hy, Hs, and Hj, respectively. We can

form two additional pushouts

Va =2 Vg Hy " H,
51l J{ 772l J{
‘/1 >P’V H3*>PH

where

"This is formalized in [7, Colimit-code/Main-Theorem/CosColim-Adjunction.agda].
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e 071 denotes the function induced by the middle-to-left map of spans;
e J9 the function induced by the middle-to-right map of spans;

e 17 the function induced by the middle-to-top map of spans; and

e 12 the function induced by the middle-to-bottom map of spans.

Licata and Brunerie construct an equivalence 7 : Py = Py of types by double induction on pushouts

[8, Section VII], which satisfies, in particular,

71(inl(inl(a))) = inl(inl(a))

71(inr(inr(é,2))) = inr(inr(s, z)).

Lemma 5.5.1. We have an equivalence

£: V> \/Prl(Fi) v \/Prl(Fi)

4,5,9 4,5,9

Proof. Define £ by pushout recursion with the commuting square

(Spmn169) <) (e 16 5 8) > (S8 (B 5)

apm(gluev[ » Prl(F'))(i,j,g,a) + gluev v v(a)-apm(gluevl > ml(m)(i’j‘g’“) inloinr+inroinr

A (Vi,j,g p'l(F'i)) v (Vi,j,g p'l(Fi))

a—inl(inl(a))
Define a quasi-inverse & of £ by recursion on V V'V with the commuting square

A—V, ,mi(F)

l reflinica) lm

\/i,j,g pri(F7) € » Vo
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Here, ¢; and €5 are induced by the commuting squares

(Z(mzroxro Fl(i»j)) XA ——= 393 r1Gg) P ()

(4,5):TgxTg

('L',j,g,a)»—>g|uev2 (inl(4,5,9,a)) tsinr(inl(t))

A Va

a—inl(a)
(E(m‘):roxro Fl(i,ﬁ) XA 200X g ey T ti) P
(i,j,g,a)>—>g|ueV2 (inr(¢,4,9,a)) tinr(inr(t))

A Va

a—inl(a)

respectively.
By induction on Va, we prove that & o & ~ idy,. We have that

£(&(inl(a))) = E(inl(inl(a)))
= e1(inl(a))
inl(a)

§(&(inr(inl(i, j, g, 2)))) = &(inl(inr (4, j, g, 2)))
= El(inr(iaj>g7m))

= inr(inl(i, 4, 9, z))

£(&(inr(inr(d, 5, 9,2)))) = &(inr(inr (4, j, 9, 2)))
62(inr(i7jvgv x))

=inr(inr(¢, 7,9, x))
transpIHé(f(E)):‘”(glue%(inl(z‘,j,g,a)), reflinia)) = apg(apg(glue(inl(i,j,g, a)))) "t - glue(inl(i, j, g, a))

= glue(inl(4, 5, g,a)) " - glue(inl(i, 4, 9, @))

= refline(ini(i.,9.,pr, () (0)))
transp”Hg(f(”)):ﬁ(gluevz(inr(i,j, g,a)),reflinia)) = apg(apg(glue(inr(i,j, g,a)))) " - glue(inr(i, 4, g, a))

= glue(inr(i, 5, g,a)) " - glue(inr(i, 7, 9, a))

= refline(ine(i,j,9.0r (F:) ()
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Conversely, we derive a homotopy £ o £ ~ idv v\ by induction on \/ V'\/ as follows.

§(&(inl(inr (i, j, g, x)))) = &(inr(inl(i, j, g, 7))
= inl(inr(i, 4,9, ))
£(&(inl(inl(a)))) = £(inl(a))
= inl(inl(a))

transpa:»—)é(ﬁ(inl(w)))=in|(w)(g|ue\/’. o (F,)(Z’ j7 g, a), reflin|(a))

= apg(apgo in'(glue(iajvg,a)))il : apinl(glue(iajvg,a))
——

€1
= an(glueV2 (inl(iajvg7a)))71 : apinl(glue(iajvg7a)) (ap—*l~apin|(glue(i,j,g,a))(apap5 (pe1 (i7j7ga a))))
= apinl(glue(iaja 9, a))il ) apinl(glue(ivja 9, a)) (apf’l'apim(gme(i,jvgva))(pg(inl(i’j’g’ a))))

= reflineini(i,5,9,pr2 (F:) (a)))

(& inr(ine(i, j,9,)))) = E(ine(inr(i, 1,9, )))
= inr(inr(i, 7,9, x))
(E(inr(inl(@)))) = £(inl(a)
= inl(inl(a))
= inr(inl(a)) (gluevv\/(a))

transp®&(Elinr(2)))=inr(2) (glue\/ or1 () (1,7,9,a),glue(a))
id,g ’

= ap(apg i, (8lue(ij.g,)) " - glue(a) - apiy (glue(i, j g, a))
——
€2
= apg(glueVQ(inr(i,j,g7 a)))_l - glue(a) - ap;, (glue(i, 4, g9, a))
(ap——l-glue(a)»apim(glue(i,j,gﬂ)) (apapE (p62 (i’ J: 9 a))))
= (glue(a) ) apinr(glue(iaja 9, a’)))_l ' glue(a) . apinr(glue(iujhgv a))
(ap—*l'glue(a)Aapim(glue(i,j,g,a)) (pg(lnl(’b, j7 9, a))))
= reflinc(ine(i,j,g.0r, (F1) (@)))
transp’””f(g(w)):w(gmev y V(a)’ reflini(ini(a)))
= ap¢(apg(glue(a))) ™" - glue(a)
= reﬂinl(inl(a)) : glue(a)

= glue(a)
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O

Now, define o : (\/i’ng pry (FZ)) v (Vi,j,g pry (FZ)) — V/, pri(F;) by double induction on pushouts

through the commuting square

A— \/z’,j,g pri(F3)

‘/ reflini(a) JO&

VijgPri(F) —a— Vipri(F)

Here, a; and ag are induced by the commuting squares
(Zegyronr, T10:3)) x A ——— 220505 o ery Tati) PP ED)
glue\/‘ prl(Fi)(i’a) inr(i,z)

A Vipri(F3)

a—inl(a)

(Z(W’):FoxFO Fl(i’j)) x A Z(i’j’g)izu,j)rl‘oxro ragep P1(F)

B0\ /1 0 2Ponts ) (212 (Fes ) @)™ iy () (@)
A ainl(a) \/1 prl(E)
respectively. We have a map
Vi - Vo = Vs
~|¢

\/i,j,g pry () v (\/i,j,g Prl(Fi)) v (\/i,j,g prl(Fi)) ——— V,;pri ()

of spans. Denote the pushout of the lower span by PW.
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Indeed, we have homotopies

(id vid) (£(inl(a))) = inl(a)
= 41 (inl(a))
(id vid) (¢(inr(inl(i, j, g, 2)))) = inr(i, j, g, )
= 61 (inr(inl(4, 4, g, x)))
(id vid) (¢(inr(ine(i, 4, g, 2)))) = inr(i, §, g, )
= 01(inr(inr(4, 4,9, )))

transpg‘H(id v icl)(g(x)):‘sl(z)(gluevz (inl(7, 4,9)), reflinica))
= apigy ia(ap¢ (glue(ini(4, 5, 9)))) ™" - aps, (glue(inl(i, j, 9)))
= 2P(id vid) o inl(8lue(i, j, g,a)) " - glue(i, j, g, a)
—_
= reflinei,jg,ora(Fi) (@)
transp® {4V id)(5(9“)):‘51(“”)(gluev2 (inr(, 4, 9)), reflinia))
= apig v ia(ape(glue(inr(i, j, 9)))) " - aps, (glue(inr(i, 5, 9)))
= aP(id vid) o inr(glue(i, 7, g,a)) " - glue(é, j, g, )
—

id

= reﬂinr(i,j,g,pr2 (F;)(a))

a(&(inl(a))) = inl(a)
o (inl(a))
o (&(inr(inl(4, 4, g,2)))) = o(inl(inr(4, 4, g, 2)))

= ay(inr(4, 4, g9, 2))

=inr(i,x)

= do(inr(inl(4, §, g, 2)))
o (¢(inr(inr(i, j. g 2)))) = o(ine(inr(i, j, g, 2)))

= ay(inr(i, j, 9, 2))

= inr(j, pry(Fij,9) (%))

= dy(inr(inr(i, j, g, )))
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transp® 7 €@ =02() (gluey, (inl(i, 5, 9)), reflini(a))
= ap, (apg(glue(inl(i, 5,9)))) " - aps, (glue(inl(i, j, 9)))
= apg’ o in|(g|ue(iajv g, a))il : glue(iv a)
——

al
= glue(i,a)™" - glue(i, a)
= reflinr(i.pr, (7)) (a))

transp™ ¢ F)=020) (gluey, (inr(i, 5, 9)), reflini(a))
= ap,, (apg(glue(inr(i, 7, 9)))) ™" - aps, (glue(inr(i, j, 9)))
= apy o inr(8lue(i, j, g, a)) " - glue(j, a) - apin (ap; ) (pra(Fj.)(a))
——
@2
—1

= (glue(j, a) - apinr(j,f)(pr2(Fi,j»g)(a))) -glue(j, a) - api (ap(j,— (pra(Fi j4)(a)))

= refling(j,pr, (7)) (a))

This induces an equivalence 75 : Py =5 PW of pushouts.

Lemma 5.5.2. We have an equivalence

colimp A S N colimp (F(F))
woJN Nle (¢¥-m-sq)
H2 n Hl

between ¢ and n; .

Proof. Define wy and w; by the following cocones under A and F(F), respectively.

A—— M2 9

mrzk‘ . . (Gﬂ—) glueHQ(inr(Ljvgva))il ~g|ueH2(in|(i,j,g,a)))

inr(j,—)

ri(Fi, 7q)
= pri(Fy)

pry(F,
\ ‘% : (z — gluey, (inr(i,j,9,2))"" - glueg, (inl(i, 4,9, x)))
inr(i,— inr(7,—
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To see that the square (¥-11-sq) commutes, proceed by induction on colimp A. Note that

)

Uit (wo (ti (G

1(inr(i, @)

|
~

)
)
= inr(i, pry(F3)(a))

1(¢i(pra(Fi)(a)))
w1 (Y(ei(a)))

I
g

and

transp® M (wo(@))=ws (¥(x)) (

apnl (apwo ("%’j;g(a‘)))_l : apw1 (apw(ﬁi,j,g (a’))>

ap,,, (glue(inl(i, j, g,a))) ™" - ap,, (glue(inr(i, j, g, @))) - apuy, o, (Pr2(Fijg) (@) ™" - apy, (Ki g (Pra(F3)(a)))

glueg, (inl(i,j,g,pra (Fi)(a))) " glueg, (inr(i,5,9,prz (Fi)(a)))-aPine(j, -y (Pr2(Fij.g)(a)):
aPine(j,—) (Pra(Fi j.g)(a)) ™ ogluey, (inr(d,5,9,pra (F;)(a))) ™' -gluey, (inl(i,j,g,pra (Fi)(a)))

reﬂinr(i,prz(Fi)(a))

Ki,5,9(@), reflinejpry (7)) (a)))

Next, define quasi-inverses yo and y; of wg and w1, respectively, by recursion on puhsouts:

((Z(m):roxrg Fl(i7j)> X A) + ((Z(i,j):rgxrg Fl(@i)) X A) Fox A

|

(Z(ivj)?roxf‘o P1(@]')) x A

#i,5,9(a) + refl,; ooy (7)) (a)) (i,a) =i (pry(Fi)(a))

(i.4,9:a)—=¢; (pra (Fj)(a)) colimp A

(z(i’j’g):Z(i,J):FoxFo (2. prl (FZ)) * (Z(i’j’g):Z(i,J):FuxFo a(2.9) prl (F7)) - Ei:I‘o prl (E)

J m_],g(w) + reﬂf’j(ﬁ,y,g(v’")) (3, )i ()

Z(i,j,g):zwmoxro T (i) Pr(£7) H,

st

(i,4,9,2) =15 (pre(Fi j,6) (7)) -
colimp (F(F))
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On the one hand,

y1(w1(ei(2))) = ya(inr(i, z)) = 1i(x)

transp™ 1 (T D=2 (g, 5 (@), refl, (ory (715 0 (2))
= apy, (apy, (Fijg(2)) ! - Kijg(@)
= ap,, (gluey, (inr(i, j, g,2)) " - glueg, (inl(i, 5, g,2))) " - Kijg(x)
= Kijg(2) - Kijg()

= reflbi(z)
On the other hand,

wi (Y1 (inl(7, 7, g, ) = w5 (pri (Fijg) (2)))
inr(j, pri(Fijg)(2))
= inl(i, 5, 9, %) (glueg, (inr(i, j, g, x)) ™)
wi (g1 (inr(i, 2))) = wi(ei(x)) = inr(i, z)

transpZH’“’l(yl(z))zz(glueHl (inl(i, 4, 9, 2)), gluey, (inr(i, 4, 9,2)) ")
= ap,,, (apy, (gluey, (inl(i, j, 9,2)))) ™" - glueg, (inr(i, j, g, x)) " - gluegy, (inl(i, j, g, x))
= apy, (Kijg(x)) " - gluey, (inr(i, j, g,2)) ™" - gluey, (inl(7, j, g, x))
= (glueHl(inr(i,j7 g,x))"t- glueg, (inl(4, j, g, x)))_l - glueg, (inr(i, 4, g, z))"t- glueg, (inl(i, 4,9, 2))
= reflin,(w)
transpZH“’l(yl(z))zz(glueH1 (inr(i, 4, 9,2)), gluey (inr(i,j, g, z))™h)
= ap,,, (apy, (gluey, (inr(i, 5, g, )))) ™" - gluey, (inr(i, j, g, )) " - gluey, (inr(i, j, g, x))
= apwl(refILj(prl(lt,vl._’].vg)(:,j)))_1 . glueHl(inr(i,j7g,x))_1 - glueg, (inr(i, j, g,2))

= I’eﬂinr(j7pr1(Fi,j‘g)(x))
Likewise, we find that yo o wo ~ idcoiim- 4 and wo © yo ~ idp,. D

The map (1)-n1-sq) fits into an equivalence of spans

QP 2 E— colimp A — v colimp (F(F))
inl| ~ glueHS(a)71 wo | ~ ~|wy
HS 72 H2 m Hl

which gives us an equivalence 7y : colim? F — Py of pushouts.
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Corollary 5.5.3. We have an equivalence T : colim? F =5 PW such that

Tr(inl(a)) = inl(inl(a))
Tr(inr(e;(x))) = inr(inr(i, z))

Proof. Take Ty := 79 071 0 7. O]

6 Universality of colimits

Let A:U. Let I be a graph and F' be an A-diagram over I'. We say that colimf‘(F) is universal, or
pullback-stable, if for every pullback square

colimit (F) xy Y —25 Y

n| lh (pb)

colimf (F) — Vv

in A/U, the canonical map
o colimin(Fi xy Y) —a colimi(F) xy Y

is an equivalence.
Lemma 6.0.1. The forgetful functor F : AJU — U preserves limits.

Proof. Consider the free functor ((—)+ A) : U — A/U. This is left adjoint to F. Let F be an
A-diagram over a graph T'. Let (C,r, K) be a limiting A-cone over F. For each X : U, it’s easy to

check that the composite of equivalences

X = pry(O)
(X+A4)—=aC

~ limir((X + A) =4 F)
~ lim;r(X — pry(F}))

12

equals the function (F(C,r, K)o —), which is thus an equivalence. O
Theorem 6.0.2. All colimits in U are universal.

We have formalized Theorem 6.0.2 in Agda (see the folder [7, Pullback-stability]).

Corollary 6.0.3. For each tree I' and each A-diagram F over T, the colimit coIim?(F) is ungversal.

Proof. Suppose that T" is a tree and consider the pullback square (pb). By Corollary 5.4.6 combined
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with Theorem 6.0.2, the function
. ri(os.n) .
pry (colim?L(Fy xy V) 22722 or (colimi (F)) Xpr, (v Pri(Y)

is an equivalence. The codomain is in this form because F preserves pullbacks by Lemma 6.0.1. It

follows that o is an equivalence. O

Note 6.0.4. We can construct pullbacks in A/U as follows. Consider a cospan S

Y
Is
X — A
in A/U and form the standard pullback
pri(X) Xpr,(z) Pry(Y) = > pn()() = pri(9)v)
@:pry (X) yipry (V)

of F(S) in U [2, Definition 4.1.1]. Define puy 4 : A — pry(X) X, (z) pri(Y) by

a = (pry(X)(a), pry(Y)(a), pra(f)(a) - pra(g)(a) ")

Now we have a cone

(o]
(7ry,refly)
(Pri(X) Xpry(z) Pri(Y)s piy,g) ———> Y
(sa)
(ﬂmreﬂy)J( ((z,y,p)—p,Hp) g
X A

f

over S where H,(a) denotes the evident path (pry(f)(a) - pry(g)(a)™?) b pro(f)(a) = pry(g)(a) for
each a : A. We have used 7 to denote field projection for a ¥-type. We claim that (sq) is a pullback

square, i.e., the function

(sao—) : (T, fr) —a ®) = Cone((T’, fr); f, g)

is an equivalence for each (T, fr) : A/U. Indeed, for all K := (kq, k2, (g, @Q)) : Cone((T, fr); f,g), the
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fiber fib(sqo—)(K) is equivalent to the type of data

dp : dofr~psg

d: T— pn(X) Xpry(Z) prl(Y) H, - th(fT(a))il . apﬂ-m(dp(a)) _ prQ(kl)(a)
a:A

hi @ wpod~ pry(ky)

hy 1y o d~ pry(ks) Hy = [ ha(fr(a)™" - apy, (dp(a) = pra(ks)(a)
-1 - a:A

T gapm(n(hl(t»-q(t).apmg)(hxt» =m(d) [[60 4. 51, ) = Q0@

a:A

where O(7,d,, H1, H2,a) denotes the chain of paths

q(fr(a)) ™" - appr, () (Pra(k1)(a) - pra(f)(a)
via 7(fr(a))
APy, (g) (h2(fr (@)™t - mp(d(fr(a)) ™" - apyr, () (M (f7(a))) - APy, (5 (Pra(K1) (@) - pra(f)(a)

via Hi(a) and Hz(a)

APy, (g) (Pra(k2) (@) - apy, (dp(a)) ™) - mp(d(fr(a))) ™ - @Ppy, (1) (aPr, (dp(@)) - Pro(k1)(a) ™) - Py, 4 (Pra(ka)(a) - pra(f)(a)

APy, (g) (Pra(k2) (@) - 3Py, () (P, (dp(a)) 1) - mp(d(fr(a)) ™" - Py, (1) (aPx, (dp(a) - Pra(f)(a)

via dp(a)

Py, (g (Pr2(K2)(a)) aPy, (g (aPr,, (dp () ™1) 2Py, (5) (aPr,, (di(a))):
(Pra(£)(@)pra(9) (@) ™) ™ 2Py, (1) (3P, (dp () ™H @Ry, (1) (3P, (dp (@) PPy (£)(a)

aPpr, (g) (Pra(k2)(a)) - pra(g)(a)

We can contract the four left-hand fields to the point defined by

d(t) = (pri(k1)(t), pri(k2)(1), q(t))
hi(t) = reflor, (k1) (0)

ha(t) = reflor, (ka) (1)

7(t) = Rld(q(t))

because pry(X) Xpr, (z) pri(Y) is the standard pullback of F(S). Therefore, it suffices to prove that
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the type of data
di ¢ pri(k1) o fr ~ pry(X)
H1 : dl ~ prz(kl)

dy @ pro(ke) o fr ~ pry(Y)
HQ : d2 ~ pr2(k2)

ds = [[a(fr(a) = apy, () (di(a)) - pra(f)(a) - pra(g9)(a) ™" - apyr, (4 (d2(a) ™"
a:A

v o H@(T,dg,Hl,HQ,a):Q(a)

a:A

is contractible. We can contract the first four fields to (pry(k1), refl, pro(ks2), refl). This leaves us with
the type of data

vi o [Ja(fr(@) ™" = apy, () (Pra(k2) (@) - pra(g) (@) - pra(f)(a) ™" - apy, (4 (Pra(kr) (@)
a:A

by H\Ij(ylv a’) = Q(a)
a:A
where U(v1,a) denotes the chain

q(fr(a))~"- 3Ppr1(f)(Pr2(k1)(a)) “pra(f)(a)

Hap"appq<f>(prz(kma))-prz(f)(a)(”1)
(appl’l(g)(pr2(k2)(a’)) -pra(g)(a) - pray(f)(a)~" - apprl(f)(prQ(kl)(a))_l) 2Ppr, () (Pra(k1)(a)) - pra(f) ()

aPpr, (g) (Pr2(k2)(a)) - pra(g)(a)

As the function — - ap,, (5)(prz(k1)(a)) - pra(f)(a) is an equivalence, it follows that this type is

contractible, as desired.

Remark. The category A/U is usually not LCC. Indeed, it is not LCC whenever A is connected. In
this case, suppose, for example, that I' is the discrete graph on 2 and define the A-diagram F' over I'
by F; := (A,id4) for each i : 2. Then

pry(colimi (F) x12) ~ A+ At A+ A+ A~ pr,(colimip(F; x1 2))

where A — 2 is defined by, say, a — 0.

By the classical adjoint functor theorem, a locally presentable co-category is LCC if and only if all
its colimits are universal. In this light, Corollary 6.0.3 may be seen as a lower bound on how close
A/U is to being LCC.
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7 Coslice colimits preserve connected maps

Let T" be a graph. Consider the wild category Dr of all diagrams over I' valued in Y. Its object type
is > prgsu 1L jr, T'1(i,7) = Fi — Fj, and the type of morphisms from F' to G is ' = G. The
identity transformation is

idp = (Ai.idp,, XidjAgAz.reflp, o)

and the composition of natural transformations is the function
o: (G=H)—»(F=G)— (F=H)

(B,q) o (a,p) = (Ni-Bi 0 iy, NMAJAGAZ. G j,4(x(2)) - apg, (Pi,j,9()))-

(gxp)(i.4,9,2)

Lemma 7.0.1. Consider a family of types

Ha,ﬁ:Hi: F—Gy Hpqn i1j,g0i~aoF;

’LJJ

—
ZWH sy (H HF m,j,g(w:apci,j,g<W7-,(x))-qi,j‘gu)-wj<F1,,j,g(x>>*1)

2dsg

P

Suppose that for each (o, p) : F = G, we have a term
cla,p) + Pla,a,p,p, Nidz.refl,, ), NidjAgAz. RId(p; ;. 4(z ))_1).

Then we have a section s of P along with an equality s(a, o, p, p, Nidx.refly, 2y, AidjAgAz. RId(p; j q(z))~t) =
c(a,p) for each (a,p) : F = G.

Proof. For all (a,p),(B,q) : F = G, we can use Theorem A.0.3 to find an equivalence happlyp

(o, p) = (B,9)
R

S I I I puse@ =ape,,, (Wi@)) - gig@) - W;(Fq(@) "

W.le a;~B; HITo g:T1(i,5) z:F;

(c,p)~r(B,q)

Thus, the family
(ﬁaq) = (Oé,p) ~T (57Q)

pointed by (reﬂai(m)7 Rid(pi,j.g (x))_l) is an identity system on (F = G, («,p)). Now Theorem A.0.2

gives us our desired section. O
Notation.
+ Define (W, C) := happlyp ' (W, 0).

o Variables of the form a* : F' = G are abbreviations for pairs («a, ).

63



Lemma 7.0.2. Let (o,p),(8,q) : F = G. For all (W1, K1), (W, K3) : (a,p) ~r (8,q), the type
(W1, K1) = (Wa, K») is equivalent to the type of families of homotopies H : Wy ~ Wy equipped with

a commuting triangle

apGi,jyg(WQ(iv l‘)) : Qi,j,g(l‘) . WQ(ja Fi,j,g(m))_l

Ka(id.9.) via H(iy) and H(j, Fi ;.4 (x))

Pijg(®) 2 PG, (Wi(i:2)) - gijg(x) - Wi(h, Fjg(2) !

KiGoggm)
foralli,j:Ty, g:T1(i,7)j and x : F;.
Proof. By Theorem A.0.3. O
Propositions 7.0.3 to 7.0.5 are easy to verify with Lemma 7.0.1.

Proposition 7.0.3 (Precomposition). Let o*,5* : G = H and (* : FF = G. For cvery
(W,C) : o ~r p*, we have a path

ap_oc+ (W, C)) = (Nidz.W;i((i(x)), NidAjAgAr.Tw,c (i, ], 9, )

between elements of the identity type

Fijg Fijg

F F F F,
| \ | \
aioCi  (apxCp); ;0 ajog; == BioC;  (Bp*Cp)i ;. BjoG;
{ { { {
H; Hijg H; H Hi j.g Hj

where Tw,c (i, 7,9, x) denote the chain of paths

ap(i7j7gvci(x)) : apozJ (Cp(i,j,g,l'))
via CLJ::Q(Q(m))
(apHiyj,g(Wi(Ci(x))) : Bp(i7jvg7 gl(l,)) : WJ(GT‘J,Q(Q(Q:)))_1> . apocj (Cp(i7j7gv 'T))
I

homotopy naturality of W; at Cp(4,5, 9, )

Il
(aprm (Wz(gz(x))) : 5p(i7jvgv Cz(x)) : apﬁ] (Cp(ivju%x)) : W]’(gj(Fz’,jag(m)))_l ) apaj (gp(ivju% x))_l> : apa] (Cp(i,j,Q,-ﬁU))

i, (Wil (@) (By(is 519, Gi0) - 3b, (G0, ,9:2))) - Wi (G (Fi g ()

Proposition 7.0.4 (Postcomposition). Let (* : G = H. Let o*,5* : F = G. For every
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(W,C) : a* ~r B*, we have a path
ap-o ((W,C)) = (Nida.ap, (Wi(x)), XidjAghz.rw.c (i, j, 9, 2))

between elements of the identity type

F; il F; F; il F;
| \ \ \
(ioa; (Cp*ap)iyj’g Cjoa; = ——— Ciofi (Cp*ﬁp)i,j,g ¢;j08;
1 1 1 1
Hi Hijg H; H; Hijg H;

where Tw,c (1,7, 9,x) denotes the chain of equalities

Cp(i7j7 g7 al(x)) ) ap<J (()ép(i,j,Q, .Z'))
Il

via Cy j ¢(x)

Il
Cp(imjmgv al(x)) : apCj (apGi,]yg (Wl(x)) ) ﬁp(i7j7g,$) . Wj(Fi,j,g(x))_l)

Cp(i7j7g7 O{Z('E)) : apC]oG,,]ﬂ (Wl(m)) ' ap(J (6p(i7j>gv Qf)) : apC] (Wj(Fiyj,g(x)))_l

Il
homotopy naturality of ¢, at W;(x)
Il

Golin 9. (@) - (G0 9, i) - 3p, ,, (3pe, (Wil@)) - (i 9, Bi()) ) - ape, (Bylis G, 9,2)) - ape, (W (g (1))

api, ,, (3, (Wil@))) - (Go(i 9. B:(2)) - 3b, (By(is 9. )) ) - ape, (W (Figg ()

Proposition 7.0.5 (Concatenation). Let o*,f*,¢* : F = G. Let (W,C) : o ~r 8* and
(Y, D) : p* ~p €*. We have a path

(W,C) - {Y,D) =przer (Nidz.W;(z) - Yi(z), NidjAgAz.7c,p (1,7, 9, T))
where T¢,p(i, 7,9, ) denotes the chain of equalities

ap(i7jagax)
Cij.9(x)
apGi’jyg(Wi(x)) . ﬂp(ivj?gax) ! W]‘(Fiijg(x))il

via Dj j 4(x)

PG 5.4 (Wi(z)) - <apGi,j,g (Yi(z)) - Gp(iajvg,m) ’ Y’J'(Fivjag(x))il) ’ Wj(Fiajag(x))il

apg, ,,(Wi(x) - Yi(x)) - (i, , 9, %) - (W;(Fij () - Yi(Fij ()™
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Lemma 7.0.6. The category Dr is a bicategory.

Proof. The associativity and unit laws of maps hold definitionally in ¢/. Thus, by Propositions 7.0.3
to 7.0.5 for Dr together with Lemma 7.0.2, verifying that Dr is a bicategory reduces to routine path

algebra, which we omit here. O

Proposition 7.0.7. Assuming the univalence axiom, the category Dr is a univalent bicategory.

Preservation theorem

Let F and G be U-valued diagrams over I and suppose that (h,«) : F' = G. For each i : 'y, we have

a factorization (img »(hi), Si, i, Di, - - .) of h;. Therefore, we have a commuting square

sj0F% j g

Fi imLR(hj)

Si apGi’j,g(pi(m))'ai,j,g(x)'pj(Fi,j,g(x))71 t;

imL,R(hi) Giyg0ts Gj

and thus a diagonal filler

where
apg,,, (Pi(2)) - cijg(x) - pj(Fijg(@)™" = Lijg(si(x) ™" - apy, (Hijge(x))

for all z : F;.

Theorem 7.0.8 (Unique factorization). For each F,G : Dr and H : F = G, define the predicates

L(H) = H[,(Hi)
R(H) = HR(Hi).

Let (h,a) : F = G. The type

~

factzz(ha) == D> D Y (ToS~(ha))x L(S)x R(T).

A:Dr S:F=AT:A=G

is contractible.

Proof. We have already exhibited an element of fact h, ). Thus, it remains to prove that it’s a

2Rl
mere proposition.
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To this end, note that fact; ~(h, ) is equivalent to the type of data

Ay : Tog—oU
SO : z];[OF"_)Al A]_ : H H AQ(Z)—>A0(])

,5:L0 g:T'1(4,5)

To : H A, — G, Sy H Ai,j,g 0S; ~ Sj o Fi,j,g

:To i
P : T;08; ~ h;
1];[0 T - ilj_.[g Gz’,j,g ol ~ Tj ¢} Ai,j,g
L L(S; o _
1];[0 ( ) p H H (T1 + S1) (i,4,9,%) = apGiﬁjvg(‘PAm)) ’ ai’ng(x) ’ Pj(Fi»jag(x)) !
1,5,9 x: F;
R : [[RT)
:To

We can contract the six left-hand fields because facty »(h;) is contractible for each ¢ : T'g. Let
(Ao, S,T, P, L, R) be a tuple of the first six fields and call the type of the last four fields coherz = (Ao, S, T, P, L, R).
Let (A, s,t,p) and (A’,s',t',p’) be elements of cohers (Ao, S, T, P, L, R). We must prove that they

are equal.

Note that

Piig(®) : tijg(Si(x)) - apr, (sijge(2) = apg, ,  (Pi(x)) - i jg(x) - Pj(Fijg(x)~"
Pijg(®) + 15 4(Si(2)) - apg, (sf5,4(2)) = apg, , , (Pi(x)) - @i jg(2) - Pj(Fi,

!

<

«Q

—

5

S~—

S~—
|
L

Therefore, we have two commuting squares

Fi SjoF; j.q AJ F,L SjoF; j.4 AJ
Sig.g / Sid.g /

Si‘/ Aijg ‘/Tj Si‘/ Al Ty
7, )T

A G907 Gj A; Gi;.q0T; Gj

along with two terms

— 71 . _
(AisigsSigortijg Pia) (A;’j,gvs;,jﬁgv(t;j,g) ’p;,j,g> L fill(\a. apg, ;| (Pi(@))- i jg(2)-Pj(Fjg(2) )
By Lemma 3.3.5 combined with Theorem A.0.3, this gives us data

Aijg + Aljg~Aidg
A7 g@) o DG (Si@) s (@) = sijg(@)
A?,j,g(x) : t;,j,g(x) : 3PTj(Az1,j,g($)) = tijg(2)
A4

ig0(T) Tiw(f)'ap(t' (Si(2))-apr, (AL

i3:9 9

(Sl(z)))).,(apapTJ (Azz,j,g(x))) : ap—-apT] (s,mq(m))(Ag’,j,g(si('r))) = p;ﬁ,j,g (I) : pivj«,g(‘r)_l
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where 7; ; 4() is the evident term of type

130 (S:()) - 2p, (50 () = (1,,4(Si(2)) - by (AL, (S:(2) ) -ap, (AL (S:(@)) ™+ 5, (2))

By Theorem A.0.3 again, the type of such data is equivalent to (Ay,s,t,p) = (A}, s, t',p’), thereby
completing the proof. O

Corollary 7.0.9. The OFS (L,R) on U lifts pointwise to Dr.

Since the functor constr : & — Dr clearly takes R to 7%, we deduce that colimp(—) takes Lto L by
Corollary 3.3.9. Now, for each X,Y : A/U, consider the predicate L4(f,p) = L(f) on X —4 Y.
Then the functor colim? takes £ A to L4. Indeed, if a map € : A = B of A-diagrams belongs to L A,

then the underlying function of colim?(e) is precisely that induced by the morphism of spans

A +—— colimp A —— colimp(F(A))

ST

A <—— colimp A —— colimp(F(B))

and all three components belong to L.

In particular, if F' is a pointed diagram over I' such that each pry(F;) is (£, R)-connected, then the
type colim}s F' is also (£, R)-connected. Indeed, since colim{1 = 1, colim}. takes the unique map
F =, 1 of pointed diagrams to (c, ¢p) : colimp F' — colimp- 1 where ¢ : colimp F' — 1 is the constant

map and ¢ € L.
Example 7.0.10.

(a) For each truncation level n, if each pry(F;) is n-connected, then so is the underlying type of
colim}. F. In fact, if F is an A-diagram with each pr; (F;) n-connected and A is n-connected,

then Corollary 5.5.3 shows that the underlying type of colim? F is also n-connected.

(b) Let ' be the graph with a single point * and a single edge from * to itself. Define the diagram
F over T' by F(x) :== 1 and F, , . = idy. Then colimp(F) = S, which proves that colimp does

not preserve n-connectedness when n > 1, unlike colimy..

7.1 Colimits of higher groups

Let =2 <n < oo and —1 < k < oo be truncation levels. Recall from [5] the category (n, k) GType of
k-tuply groupal n-groupoids, whose objects are known as higher groups. This category is isomorphic
to the full subcategory U3, , ) of U™ on (k — 1)-connected, (n + k)-truncated types. For each
truncation level m, conside; the full subcategory of A/U on those objects whose underlying types are
m-truncated. By Corollary 3.4.7, this subcategory inherits colimits from A/U. We now conclude

from Example 7.0.10(a) that (n, k) GType has colimits over graphs.
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Remark. By our second construction of colim# (Corollary 5.5.3), we have that for every OFS (£, R)
on U and all A : U, if Ais (£, R)-connected, then the full subcategory of A/U on (L, R)-connected

types has colimits over graphs.?

Let Q : U — Prop. Let (A,_),(B,_) : Ug and ¢ : A — B. Consider the coslice-coslice (wild)
category (B, )/ (A/Ug). Its objects are commuting triangles ((Z, ), gz, k, «)

A
2N
«
e
B : Z
and its morphisms (Z1, gz, , k1, 1) =4 (22, 9z,, k2, a2) are tuples

D J1 — Zy
D fogz, ~ 9z,
. fok1~k2

: [Ip(a) =app(ai(a)™ - Hp(a) - az(a)
a:A

OO s

Composition o of morphisms is defined by

o ((22792271{32,042) _><p (237923ak37a3)) — ((Zlagzlakhal) _>Lp (Z2,9227k2,0é2)) —
(f2,p2, Ha, K3) o (f1,p1, Hi, K1) = (fao f1,Aa.apy, (pi(a)) - p2(a), Ab. apy, (Hy (b)) - Ha(b), 0 (K2, K1)

where (K3, K1, a) denotes the chain of equalities

apy, (p1(a)) - p2(a)

via K1(a)

apy, (apy, (a1(a)) ™! - Hi(p(a)) - az(a)) - pa(a)

via Ka(a)
apy, (apy, (a1(a)) ™t Hi(p(a)) - az(a)) - (apy,(az(a)) ™" - Ha(p(a)) - as(a))

ap o, (a1(a) ™t - (apy, (Hi(p(a)) - Ha(p(a))) - as(a)

for each a : A.

We now define 0-functors

(B.o) | (A/Uo) ; B/g

81f (£,R) is an OFS on U, then a type is (£, R)-connected if it is such for the underlying reflective subcategory of
(L£,R) (see [11, Lemma 2.32]).
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Define vo : Ob((B,¢)/(A/Ug)) — Ob(B/Ug) by v0(Z,g9z,k,a) = (Z,k). Conversely, define
& : Ob(B/Ug) — Ob((B,¢)/ (A/Ug)) by &(Z,k) = (Z,ko gp,k,/\a.reﬂk(@(a))). Next, define the

functions

Y12 homip oy (ajug) (21,92, k1, a1) , (22, 9z,, k2, a2)) — homp ., ((Z1, k1), (Z2, k2))
71(f7p7H7k) = (f7H)

51 : homB/MQ ((Zh kl) ’ (ZQ) kz)) R hom(va)/(A/uQ)((Zl,klotp,kly)\a.reﬂk]((p(a)))7

(Z2,k20p,ka,Aa.refliy (p(a)) )
&(f, H) = (f,2a.H(p(a)), H, \a. RId(H(¢p(a))) ")

Lemma 7.1.1. We have that £ - .

Proof. Let (Z1,9z,,k1,a) : Ob((B,¢) / (A/Ug)) and (Za, k2) : Ob(B/Ug). Define

oz hom(p o) /() ((Z2, ko 0 @, ko, Aacrefly, (o)) » (21,92, k1, ) — homp ., ((Za, ka) , (Z1, k1))
w(fip, H,K) = (f,H)

We claim that j is contractible, hence an equivlanece. Indeed, for each (g, I) : homp /i, ((Z2, k2) , (Z1, k1)),

fib. (g, I)

> > > 3 S TJUGa0) - Hb) = 1)

f:Zo—Z1 p:fokaopr~gz, H:fokar~k; K:HQAA p(a)=H(p(a))-ala) U:f~gb:B

1

1

1 (strong function extensionality)

Moreover, it is easy to check that p is natural in both variables and that the resulting adjunction is
2-coherent. O

Lemma 7.1.2. The category (B, ) / (A/Ug) is reflective in B/Ug, i.e., it admits a 2-coherent left

adjoint from B/Ug whose counit is a natural isomorphism.

Proof. The counit € : £ oy — id(p o)/ (a/uy) of the adjunction of Lemma 7.1.1 is an equivalence in

each component:

ez (Z, ko kareflyouy) = (Z,92.k, Q)
€Egx = (idz, Q, )\b.reflk(b), )\a.refla(a))

As e is automatically a natural transformation of 0-functors, it follows that it is a natural isomorphism.
O

Corollary 7.1.3. Consider truncation levels —2 < n < oo and —1 < k < oo. For each object G of
(n, k) GType, the coslice G/(n, k) GType is cocomplete on graphs.

Proof. The category G/U%,. -, ., is reflective in pry (G) /Usk,<n+k, which has colimits over graphs. [
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Let n,m : N with n > 0 and m < n. The Eilenberg-MacLane space K(Z,n) is the free group
on one generator in the category (n,m)GType. Therefore, when m > 0, we may view the coslice-
coslice K(Z,n)/U%,, <, .., as a higher version of the category of pointed abelian groups [9]. By

Corollary 7.1.3, this category is cocomplete over graphs.

8 Weak continuity of cohomology

For this section, we need the notion of finite graph.
Definition 8.0.1 (Finite graph).
e We say that a type A is finite if it’s merely equivalent to a standard finite type.
o We say that a graph T is finite if T'g is finite and for each i, 7 : Tg, T'1 (4, 5) is finite.

Lemma 8.0.2. If T is a finite graph, then the type T'y(i,7) is finite.

,7:To
Proof. This follows directly from [12, A dependent sum of finite types indexed by a finite type is

finite]. O

Let T be a finite graph. We claim that every generalized cohomology theory k : (U*)°? — Ab takes
pointed colimits over I' to weak limits in Set, in the sense that the universal map from the limit is
epic in Ab (i.e., surjective). If k is additive (e.g., induced by an Q-spectrum), then this holds when T’
is a 0-choice graph, i.e., I'g and T'; (4, j) satisfy the set-level axiom of choice [4, Definition 6.1].

8.1 Eilenberg-Steenrod cohomology

Let H be a Z-indexed famility of functors (U*)°* — Ab. We say that H is an (Eilenberg-Steenrod)

cohomology theory if it satisfies the following two axioms.

On

e For each n : Z, we have a natural isomorphism H"*!(X—) =% H"(—) of functors U* — Ab.
e For each f: X —, Y, the following sequence is exact:

) H™ (cof (f))

H™ (Y /x 1) Y9, g x)

Example 8.1.1. Suppose that F : Z — U™ is a prespectrum, with structure maps €, : E,, = QF, 1.
For each n : Z, we have a sequence

[ enriro=]|,

X = 2 E ]|, | X . O E,
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of abelian groups.? For each n : Z, define

E" : U* — Ab
E™(X) = colimpy || X = Q¥ B,

where the colimit colimg.,, (Gg) of a sequence of abelian groups has underlying set colimy(pry (Gg))
and has abelian group structure defined by induction on sequentual colimits. This is a cohomology

theory. The suspension axiom is easy to verify. We now turn to verifying the exactness axiom.

Definition 8.1.2. Let (A, a) be a U-valued sequential digram. Let n : N and z : A,. Define the

lifting function

2 s (miN) = Apym

= aner(wm)

where + : N — N — N is defined by pattern matching on the second argument.
Lemma 8.1.3. Consider a levelwise exact sequence

(m1,My) (ma,Mz)
— =2

(A, a) (B,b) (C,e)

of sequential diagrams valued in Ab. Then the following sequence of abelian groups is exact:

colim(m) ) colim(myz)

colimg., (A) colimg.,, (B colimg., (Cr)

Proof. For each k: N and x : Ay,
colim(mg omy)(ti(z)) = we(ma(k, (mi(k,2)))) = 0

because ma (k) o mq (k) = 0 by levelwise exactness.
vk (ma(k,x))
—_——
Next, let k : N and = : By. Suppose that colim(ms)(tx(z)) = 0. We want to show that the fiber of

colim(my) over ¢x(x) is nonempty. By [13, Theorem 7.4], we have an equivalence
(t2:(0) =colimc tx(ma(k,x))) ~ colim,.,(0"" =Chin ma(k,2)™™)

As 1;(0) = 0, it thus suffices to prove that the fiber is nonempty given a term of type colim, (0" =
ma(k,z)™™). We proceed by induction on sequential colimits. Let n : Nand p : 07" = my(k, z)*™. By
naturality of ms, we see that ma(k, )™ = ma(k +n,2™™). As 07" = 0, it follows that ™" belongs

to the kernel of my(k 4 n). By levelwise exactness, this gives us an element (d, q) : fib,,, (0 ().

9We assume that addition + : Z x N — Z is defined by pattern matching on the second argument.
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We have that

colim(my)(tkan(d)) = than(mi(k+n,d)) = tran(z™) = ().

This proves that the fiber over ¢x(x) is nonempty. O
Now it suffices to observe that

l|—ocof ()l lI=ofllo
e s

HY/X —x QkE"“CHo HY x QkE”JrkHO HX e QkEnJrkHO

is exact for every f: X —, Y (see [6, Section 3.2.2]).

For each n : Z, the functor E™(—) computes the -2n-th degree [£%°(—), E]_,, of the graded hom-
group in the category of prespectra [1, Proposition 2.8], where ¥*°(X) denotes the suspension
prespectrum of a pointed type X. For example, if E' is the sphere spectrum, then E‘"(—) is precisely

the 2n-th homotopy group functor s, (—) on prespectra.

If H satisfies
H"(SY) =1

for all n # 0, then H is called ordinary.

If the map

[[a"Gnro (i, -) + HM(\/ F) = [[H"(F)

a1 a1 il
is an isomorphism for every set I satisfying the set-level axiom of choice and every family F': I — U*
of pointed types, then H is called additive.
Example 8.1.4. Every Q-spectrum F : Z — U* induces an additive cohomology theory E, which is
ordinary if E is an Eilenberg-MacLane spectrum.
8.2 Cohomology sends finite colimits to weak limits

Suppose that H* is a cohomology theory. Consider a pushout

Z 25y

o]

X — P
of pointed types and pointed maps. In [6], Cavallo constructs a LES of the form

extglue (H"™(inl),H™ (inr))

L H"Y(2) H™(P) HYX) x H(Y) LD gy
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In particular, thanks to Corollary 5.5.3 combined with Lemma 8.0.2, if " is a finite graph, then we

have an exact squence

H™(colim} F) — [, H"(F) x [, H"(F;) =" 1, ;, H"(F;) x [1,; , H"(F;) (ES)

for each n : N. If H* is additive, then this holds when T is just a 0-choice graph. Here, (, is defined

as the composite

H"(colim} F) - S Ly, HY(F) < T H™(F)
(H"(inl),H”(inr))J{
H™(V; g Fi) x H"(V; Fi)
and p, and v, are defined as
(fih) = (f, NiXjAg.-H"(F; j4)(h;))
(f,h) = (f, XiXjAg.hi)

respectively. We have a cone Mg

H™(colim[-(F))

HY(F)) e HY(F)
over H"(F) and thus a commuting diagram
H(colimi(F)) ~—------ N s limp H™(F)
Hm pr;
H"(F})

induced by the universal property of limits in Ab. Thanks to the exact sequence (ES), we see that
Ap is epic. As a result, Ap is epic in Set as well. Classically, this implies that A has a section, so
that H"(colim[-(F)) is a weak limit of H™(F') in Set. If we assume the axiom of choice inside HoTT,
then Ap merely has a section. In this case, we can conclude that H"(colim{:(F)) is merely a weak

limit in Set, i.e., the function
Mpano—) : (X = H"(colimp(F))) — Conegn () (X)

is surjective (not nescessarily split) for each set X.
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A Structure identity principle

We present our main tool for characterizing path spaces of structured types.

Definition A.0.1 (Identity system). Let (A,a) be a pointed type. Consider a type family B
over A and an element b : B(a). We say that (B,b) is an identity system on (A, a) if the total space
> .4 B(z) is contractible.

Theorem A.0.2 ([10, Theorem 11.2.2]). The following are logically equivalent.
o The family B is an identity system on (4, a).
o The family f : [],.4 (a = x) = B(z) defined by f(a,refl,) :== b is a family of equivalences.
o For each family of types P : [],., B(z) = U, the function
hesh(a,b) = | [] T] P(x.v) | — Pla,b)
2:A y:B(z)
has a section.

Theorem A.0.3 ([12, The structure identity principle]). Let (A,a) be a pointed type, (B,b) a
pointed type family over A, and (C,c) an identity system on (A, a). Consider terms

D : [[B) = Clx) > U d : D(a,b,c)
z:A

If 3=, 5y D(a,y, ) is contractible, then the type family

(z,y) = Y D(z,y,2)

z:C(z)

is an identity system on (3, 4, B(x), (a,b)).

B Left adjoints preserve colimits
We prove that 2-coherent left adjoints between wild categories preserve colimits over graphs.

Definition B.0.1. Suppose that L : C — D is a functor of wild categories and that (a, V1,V2) : L4 R
(see Definition 3.1.7). We say that L is 2-coherent if for all hy : homp(L(X),Y), he : home(Z, X),
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and hg : hom¢(W, Z), the following diagram commutes:

assoc(a(hi),ha,h3)

(a(hy) o hg) o hs

a(hl o L(hg)) o hg a(h1 o L(hQ o hg))

a((hy © L(hg)) o L(hs))

a(hy) o (hg o hs)

Va(hgohs,hi)

ap_opg (Va(hz,h1))

Va(hsz,h10L(h2)) ap (app, o— (L2(h2,hs)))

a(hl o (L(hg) (e] L(h3)))

ap,, (assoc(hi1,L(h2),L(h3)))

Let C be a wild category and I" be a graph. Let F' be a I'-shaped diagram in C. We say that a cocone
(C,r,K) under F is colimiting if for all X : Ob(C),

postcomp(C, r, K, X) : home(C, X) — lim;.per (home (F;, X))
postcomp(C,r, K, X, ) = (Ni.f o, A\jXidg. assoc(f, 7, F; jq) - apfo_(Ki,M))

is an equivalence. Let D be a wild category. Suppose that L : C — D and R : D — C are functors of
wild categories and that (o, Vi, V2) : L 4 R. Suppose that this adjunction is 2-coherent. Let (C,r, K)

be a colimiting cocone under F. We have an induced cocone

Li(Fij,4)
Lo(F;) = Lo(Fy)
L(Ki,j,9)
Ly(rs) Ly(r5)
Lo(C)

under L(F). Here, L(K; j ) == La(r;, Fi j.4) "' - app, (K jq)-
Theorem B.0.2. The cocone (Lo(C), Li(r), L(K)) under L(F) is colimiting.

Proof. For all Y : Ob(D), we have that

homp(Lo(C),Y)

~ home(C, Ro(Y)) (a(C,Y))
=~ lim;.pop (home (£, Ro(Y'))) (postcomp(C,r, K, Ry(Y)))
~ Iimi:pup(homD(Lo(Fi), )) (|imi:pop(0l(Fi,Y)71))

Let ¢ denote the composite of these three functions. For each h : homp(Lo(C),Y),

¢(h)

definitional

()\i.a(Fi, Y)~Ha(C,Y,h) or;), )\j)\i/\g.‘N/Q(Fih,-,g, a(C,Y,h)ory) - APy (F,,v)-! (assoc(a(C, Y, h),rj,F; ;) - apa(C,Y,h)of(Ki,]’,_f]))>
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For each ¢ : Iy, we have a chain A; of equalities

a(F;,Y) " a(C, Y, h) o)
= o (C,Y,a(C,Y, h)) o L(r;) (aPa(c,y,m -1 (Va(ri, h)))
= ho L(r;) (Ma(h o L(r;)))

We want to prove that

AP_ory(Fiy ) (A3) T Va(Fj g, a(C Y, h) 0 1) - apy, yy-1(assoc(a(C, Y h), 75, Fi jg) - aPa o,y o (Kigg)) - Ai

assoc(h7 Ll(’rj): Ly (Fi,j,g)) : apho—(L(Kiijg))
By Note 3.1.8, we have the commuting diagram

Vo (Fi,j,g,0(h)or;)

a~Ha(h) orj) o L(Fj ;) a”((a(h) orj) 0 Fijg)

APa—1(—)oL(F; q)(V2(7'j,h)) homotopy naturality 3Pa—1(—0oF; ; q)(v2(7'j7h))

a~!(a(ho L(r;))) o L(Fi;4) aHa(ho L(r;)) o Fi )

Va(Fi.j.g,0(hoL(r;)))

P_or(r; ;5 (Ma(hoLl(r;))) ap,—1(Va(Fi,j,g,hoL(r;)))
eXCh(Fi,ng7hOL(’I‘j))

. - -1 ) -
(ho L(r))) 0 L(Fig) = ™Y (a((h 0 (1) 0 L(Fi 1)

We also have the commuting diagram

ap,—1(aPa(nyo— (Ki,j,g))

a~H(a(h) o (rjo Fijg))

a"Ha(h)or;)

ap,—1(Va(rjoF; j 4,h)) homotopy naturality ap,—1(Va(ri,h))

a Ma(hoL(rjo Fijy,))) o Ha(h o L(ry)))

ap,—1(ap, (aphoL(—)(Kivij)))

o (hoL(r;oF; ; hoL(r;
Ma (7 va) homotopy naturality e ( (ri))

hoL(rjoF; ;) ho L(r;)

apho— (aPr (K j,g))
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Thus, it suffices to prove that

ap,,—1(assoc(a(h),rj,Fi j 4))

o ((a(h)or;) o Fyjg)

a Ma(ho L(rj)) o Fij4) aHa(hoL(rjo Fijy)))

- <vz(Fi,j,g’hoL<rj>>>H

a~H(a(h) o (rjo Fijg))

ap,—1(Va(rjoFi j g,h))

apa*1(—oFi7j’g)(V2(Tj)h))

Na (hoL(r;oF; j,4))

a~Ha((ho L(ry)) o L(Fij,))) _hoL(rjo Fijg)

Na((hoL(r;))oL(Fi,j,q4)) appo— (L2(r5,Fi j,9))

(h © L(T])) © L(Fi7jyg) aSSOC(h,L(Tj),L(F,i:ng)) h © (L(T]) © L(Fi7ja9))

commutes, i.e., the string of paths above the dashed line equals the string of paths below it. Now,

the following diagram commutes by the 2-coherence of (a, V7, V3):

assoc(a(h),r;,Fi j.q)

(a(h)orj)oFijg
s 5 (V250

a(ho L(r;)) o Fijg a(ho L(rjoF;jg))

a(h)o (rjoF;g)

Va(rjoFi j,q,h)

ap, (Pho— (L2(75,Fi,5,4)))

a(ho (L(rj) o L(Fijg)))

v2<Fi,j,g’hoL<rj>>H

a((ho L(rj)) o L(Fijg))

ap, (assoc(h, L(r;),L(Fi,j,9)))
The homotopy naturality of 7, now implies the desired equality. O
Example B.0.3. The suspension-loop adjunction ¥ -4 Q is defined component-wise by

® : homy-(Z(X, x0), (Y, 90)) — homy (X, 20), (Y, %0))

O(f, fp) = ()\ff~fp_1 : an(gluez:X(l") ‘g|Ue2X(9U0)_1) < [ps T(glues x (wo0), fp))
v(z,f,fp)

where 7(gluey, x (x0), fp) denotes the evident term of type

f;l -apy(glues x (7o) - glues x (20) ") - fp = refly,

For every (h, hy,) : homy-((Z, 29) , (X, 0)), the naturality proof Vo((h, hp), (f, fp)) is the path

(f. fy) o (hihy)

(Awv(h(@). £. 1), 3Py g, () - (gluesx (20). 1))

(a.(a, f o Sh, fy), m(glues (20), fy)) (A(psn. . 0))
O(f o Sh, f,)

= O((f, £5) 0 (s hy))
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Here, A(psh,x,x¢) denotes the A-homotopy whose first component is the chain of paths

f;;l -apy(glues x (h(x)) -gluegx (h(z0)) ™) - fp

via psp ()

f[l -apy(apsy (gluey(z)) - apyy, (gluey(z0)) 1) - fp
HP|(E:|Uez($),g|Uez(xo))

fp_l “ap foxy (gluez () -gluey(z0)™") - fp

and whose second component is easily defined by path induction. With this definition of V5, the

2-coherence diagram of Definition B.0.1 commutes. (This fact is formalized in [7, HoTT-Agda/theo

rems/homotopy/SuspAdjointLoop.agdal.) We conclude that 3 preserves pointed colimits.
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