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Equality and Paths

Definitional Equality

Silent in theory
f A=Band M: Athen M: B

Paths

Visible in theory
If P : Path(A, B) and M : A then transport(M,P) : B



Not Math Equality!

Definitional Equality Issue #1

Not very extensional
X:IN,y:INFx+y#y+x:N

(various reasonable trade-offs)



Not Math Equality!

Definitional Equality Issue #2

winding : m,(S') — Z
winding(loop) # any numeral



Not Math Equality!

Definitional Equality Issue #2

winding : m,(S') — Z
winding(loop) # any numeral

Canonicity
For any M : IN, there is a numeral N* such that M = N*: N



Restore Canonicity

Canonicity for N means
canonicity for every type



Restore Canonicity

Canonicity for N means
canonicity for every type

M:IN x A
fst(M) = 7?7 : IN

Want M = (P,Q) and then
fst(M) = fst {P,Q) = P = some numeral



Restore Canonicity

But canonicity fails for paths!

M : A a:A F R : C(a,a,refl(a)) P:M=,N

ref(M) : M =, M J(a.R, P) : C(M,N,P)

a:A F R : C(a,a,refl(a)) M:A
J(a.R, refl(M)) = R[M/a] : C(M,M,refl(M))




Restore Canonicity

But canonicity fails for paths!

M : A a:A F R : C(a,a,refl(a)) P:M=,N

ref(M) : M =, M J(a.R, P) : C(M,N,P)

a:A F R : C(a,a,refl(a)) M:A
J(a.R, refl(M)) = R[M/a] : C(M,M,refl(M))

J(ua(E), x.N) = ???
J(loop, x.N) = 7?7



Restore Canonicity

Can we have canonicity + univalence?

Yes with De Morgan cubes [CCHM 2016]
Yes with Cartesian cubes [AFH 2017]

And higher inductive types?

Important examples with De Morgan cubes [CHM 2018]
Yes with Cartesian cubes [CH 2018]



Cubes

ldea: each type manages its own paths



Cubes

ldea: each type manages its own paths

loop : base = base



Cubes

ldea: each type manages its own paths
loop-+base—=-base
loop,: a constructor of the circle
x:[l Floop, : ST

loop, = base : ST  loop, = base : S1
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Cartesian Cubes

Introducing I the formal interval

F+0:0I T[F1:
[,ox:l, I Fx:l

X x: L, x I EM A

< M is an n-cube in A
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Cartesian Cubes

Introducing I the formal interval

F+0:0I T[F1:
[,ox:l, I Fx:l

Cartesian: works as normal contexts

MO/xy  M/xy  M<Ly/x)

| z
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Ordinary Types

Ordinary typing rules hold uniformly

[La:AFM:B
[ FAa.M:(a:A) — B

with any number of [ in the I
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Ordinary Types

Ordinary typing rules hold uniformly

[La:AFM:B
[ FAa.M:(a:A) — B

with any number of [ in the I

apF(M) F(Mx)
F(M,<0/x)) > F(M, <1/x))
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New Path Types

Dimension abstraction

x:lFM:A
XYM : Path, ,(M<0/x),M<1/x))

P : Path, ,(N,,N;) x:l FM: A

P@r : Ar/x) (OM)@r = M<r/x) : Adr/x)
P . PathX.A(NO,N1) P . PathX.A(NO,N1)
P@0 = N, : A0/x) P@1 =N, : A{d1/x)
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Kan 1/2: Coercion

M : Alr/x)

coe, A[r ~ r'](M) : Adr'/x)



M

Kan 1/2: Coercion

M : Alr/x)

coe, A[r ~ r'](M) : Adr'/x)

A<(;/ X)

A<)1./x>
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Kan 1/2: Coercion

M : Alr/x)
coe, A[r ~ r'](M) : Adr'/x)

M coe, A[0~1](M)

A((;/ X) A<)1. /X)>

coe, A[r ~ r][(M) = M : Adr/x)
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Kan 1/2: Coercion

M : Alr/x)
coe, A[r ~ r'](M) : Adr'/x)

M coea[0~x](M)  coe, ,[0~1](M)

A<(;/ X) A<)1. /X)

coe, A[r ~ r][(M) = M : Adr/x)
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Kan 2/2: Homogeneous Comp

hcomy[r ~ r'|(M; ..., ri=r", @ y.N, ...) : A



Kan 2/2: Homogeneous Comp

hcomy[r ~ r'|(M; ..., ri=r", @ y.N, ...) : A

X X

N, Nyt
X

® >0
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Kan 2/2: Homogeneous Comp

hcomy[r ~ r'|(M; ..., ri=r", @ y.N, ...) : A

0~1](M; x=0 <@ y.N,, x=1 < y.N,]

hcom,
S g

No
® >0

N, YT—>
X
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Kan 2/2: Homogeneous Comp

hcomy[r ~ r'|(M; ..., ri=r", @ y.N, ...) : A

hcom,[0~1](M; x=0 « y.N,, x=1 < y.N,]
S g
N, N, YT—>
® >0 X
M

hcomu[r~r](M;...)=M:A
hcomu[r ~ r'|(M; ..., ri=r; @ y.N. ...) = N{r'/y) - A
16



Kan 2/2: Homogeneous Comp
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Fiberwise Fibrant Replacement
(the cubical way)

S1: hcom as the third constructor
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Fiberwise Fibrant Replacement
(the cubical way)

S1: hcom as the third constructor

add only homogeneous ones
= compat with base changes
= no size blow-up!

(known by many experts in cubical TT)
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Fiberwise Fibrant Replacement
(the cubical way)

If A has coercion,
the replacement of raw susp(A) is Kan
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Fiberwise Fibrant Replacement
(the cubical way)

If A has coercion,
the replacement of raw susp(A) is Kan

If objects on a span have coercion,

the replacement of raw pushout is Kan
(Note: the raw pushout might not have coercion!)

Important examples with De Morgan cubes [CHM 2018]
A general schema with Cartesian cubes [CH 2018]
19



Univalent Universes

V,(A,B,E) type

A line between A{0/x) and

B<1/x)

witnessed by the equivalence E

Atype [r=0] Btype E:A =B [r=0]

V.(A,B,E) type

V,(A,B,E) = A V,(A,B,E) = B

expert only

20



Univalent Kan Universes

hcomy[r ~ r'](A; ...) type

Make the universes Kan

Major difficulty:
Kan structure of the hcom types themselves
(Good news: greatly simplified after Part Il is out)
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Oh, Diagonals!

Coex.hcom[s«zs'](A; ..) [I"VII"] (M)
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Oh, Diagonals!

Coex.hcom[s«zs'](A; ..) [I"VII"] (M)

when s=s' — coe, ,[r~r'[(M)
when r=r' — M
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Oh, Diagonals!

Coex.hcom[s«zs'](A; ..) [I"VII"] (M)

when s=s' — coe, ,[r~r'[(M)
when r=r' — M

hcom[s~s'](..., r=r' < ...)
diagonals for coherence conditions
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Computational Semantics

Transition system for closed terms

Aa.Mval  (Aa.M)N — M[N/a]
XYM val  (GOM)@r — MIr/x)
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Computational Semantics

Transition system for closed terms
(other than dim. vars)

Aa.Mval  (Aa.M)N — M[N/a]
XYM val  (GOM)@r — MIr/x)

Ar— A
coe p[r ~ r'[(M) — coe, y[r ~ r'][(M)
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Computational Semantics

Transition system for closed terms
(other than dim. vars)

Aa.Mval  (Aa.M)N — M[N/a]
XYM val  (GOM)@r — MIr/x)

Am— A
Coex.A[r ~ I"](M) = Coex.A'[r ~ l"](M)

Computational semantics: values
Canonicity as a corollary
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Computational Semantics

Directly usable as a type theory
X:IN,y:N>x+y=y+x€N

with all the extensionalities

See our Part Il for details
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Implementations

RedPRL

In Nuprl style
redprl.org

redtt

(work in progress)
github.com/RedPRL/redtt

yacctt

A proof of concept based on cubicaltt
github.com/mortberg/yacctt
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Open Problems for HoTT

Cubical | Simplicial
Standard? 777 Yes
HITs? Yes 777
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Open Problems for HoTT

Cubical | Simplicial

Standard? 777 Yes
HITs? Yes 77
Hol Topia

Very general construction with HITs



Summary of Cartesian Cubes

We have everything!

Univalent Kan universes
Higher inductive types
|dentification types

...and proof assistants

redprl.org
github.com/RedPRL/redtt

github.com/mortberg/yacctt
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