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Part T
Classification
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Goal

Find representations
of covering spaces
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Green part:

"fixed"

Yellow + Blue:
inherent twists 1 !

Loops
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AUtomorph ismS Green part:
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For circles...

It is sufficient to check
the generator loop
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Fundamental Group

Sets of loops based at a point
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Fix G = fundamental group
A G-set is a set X
with an action of G

map from G to automorphisms of X
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Fix G = fundamental group
A G-set is a set X
with an action of G

map from G to automorphisms of X

with functoriality...
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Fix G = fundamental group

G-set
A set X equipped with an action,
a map from G to automorphisms

Classification Theorem

G-sets and covering spaces
are equivalent.
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For circles...
S e ()
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loop
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It is sufficient to check
the generator loop
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Proof

Cover <

= (G-Set
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1. Cover — G-set

nsport
(restricted to loops)

: as the action

Qé>— loop
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2. Cover — G-set — Cover

Given a G-set = a set X and an action

Construct a cover such that

1. Every fiber is isomorphic to X

2. Transport is the action
(restricted to loops)
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2. Cover — G-set — Cover

Given a G-set = a set X and an action

Construct a cover such that

1. Every fiber is isomorphic to X

2. Transport is the action
(restricted to loops)

Magic: Higher inductive types
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2. Cover — G-set — Cover

X was a fiber

_/
Other fibers
missing

<
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2. Cover — G-set — Cover

Base path
wouldenducg

an isomorphism
(by “transport”)
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2. Cover — G-set — Cover

Base path
TP would induce

‘./\9. - .
o an isomorphism
Ny (by “trans;?ort”)

Fake it with
a formal one!

Point [ is p,,a
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2. Cover — G-set — Cover

00—~ se[) data R (a : A) : Set
SN L

*®_——_eo formal transport

Point [ is p,.«
33



|
g

s Different q’s give
% different cczlopies

Needs a way to merge copies
D from different base paths

P i

l

34



2. Cover — G-set — Cover

If it will be some cover...

K

-~
=== Q90000
OV e e

--\‘

=

l

39



2. Cover — G-set — Cover

If it will be some cover...
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2. Cover — G-set — Cover

If it will be some cover...

q must be (g- p Dep

Ioop

(% &
= (loop = p) x
= px (loop x a)

Key: functoriality
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2. Cover — G-set — Cover

Going back to the construction...

We mimic functoriality

(X
- (loop = p) s

= ps (looppa)
)
action is transport for loops

...........................
[ [N

q» &

 —(loop+p)act |
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2. Cover — G-set — Cover

04 We mimic functoriality
° ~ o
O ° q 3
ola = (loop=p) s
: P = py (loop o)
. P
: ' data R (a : A) : Set
' i # : Vpa-Ra
. p o : V1lpa
- (L=p)=a
I = p+(Llsa)




data R (a : A) : Set

#:Vpa-Ra

@ . VIipa- (Lep)sra = pr (L3 a)
Theorem

R is equivalent to the original cover

Acknowledgements:

Thanks to Guillaume Brunerie,
Daniel Grayson and Chris Kapulkin
for helping me state and prove this.
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| recap |

Classification Theorem

If G is the fundamental group
G-sets and covering spaces
are equivalent.
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Technical Notes

All truncations were omitted.

You want this lemma:

Given a constant (pointwise-equal)
function f: A — B where B is a set

finda g : /Al = Bsuchthat f=g-/-/

A — / vd:
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Part 2

Universality
covers that cover every cover
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Assumption:
Everything is
path-connected

and pointed
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Assumption:
Everything is
path-connected

and pointed

42



A simple universal cover

set of paths
- with one end fixed
e pointed

Assumption:
Everything is pointed
and path-connected.
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Technical Notes

WARNING: NASTY MATH AHEAD

The simple universal cover is

AX.|le=x]||o

X

set of paths
with one end fixed
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Technical Notes

WARNING: NASTY MATH AHEAD

The simple universal cover is

AX.|le=x]||o

X

set of paths
with one end fixed

Path induction!
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Theorem -
® |t is inital.

* |t is equivalent to any
simply connected cover.

Simply Connected

/)‘"\ °
/one and only one

45



- S

circle

_—_

46



46



f:.~~
Group quotients! % %

circle

_—_

46



Theorem -
® |t is inital.

* |t is equivalent to any
simply connected cover.

Simply Connected

/)‘"\ °
/one and only one

47



T transport

e pointed
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T transport

o
. quotient

e pointed
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Sufficient to consider
p = identity path
(@ and e collide)

e pointed
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Theorem

® |t is inital.

® |t is equivalent to any
simply connected cover.
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/r If lifted p and g

are the same...
= s.c. identifies

T lifted paths
— projection is
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Theorem

® |t is inital.

® |t is equivalent to any
simply connected cover.
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fiber over @

|
fundamental group
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Agda code

github.com/HoTT/HoTT-Agda/blob/2.0
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Thanks

Agda code

github.com/HoTT/HoTT-Agda/blob/2.0
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deformation

Path of paths
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